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donald m. davis 
1. Introduction 

In this paper we compute the 3-primary tii-periodic homotopy groups of the excep- 
tional Lie group Ej. 

The p-primary fi-periodic homotopy groups of a space X, denoted ^7r^.(X; p) or 
just t'f^7r*(X), were defined in [21]. They are a locahzation of the actual homotopy 
groups, telling roughly the portion which is detected by i^-theory and its operations. 
If X is a compact Lie group, each f{'^7rj(X;p) is a direct summand of some actual 
homotopy group of X, and so summands of fi-periodic homotopy groups of X give 
lower bounds for the p-exponent of X. 

After the author computed Vi^Ti^{SU{n)]p) for odd p in 1989, Mimura proposed 
the goal of calculating Vi^Ti^[X;p) for all compact simple Lie groups X. This has 
now been achieved in the following cases (X, p): 

• X a classical group and p odd ([19]); 

• X an exceptional Lie group with H^{X\ Z) p-torsion-free ([13]); 
. {SU{n) or Spin), 2) ([11], [12]); 

• (^2,2) ([22]), (F4 or Eq, 3) ([10]), and (E7, 3) (the current paper). 

The only cases remaining then are [Es, 2 or 3 or 5) and {SO{n) or F4 or Eq or Ej, 2) 
Several of these appear tractable. 

Now we state our main theorem. We usually abbreviate Vi^n^{X; 3) as v^{X), and 
denote by z/(n) the exponent of 3 in the integer n. 
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Theorem 1.1. If j is even, then V2j{EY) = V2j-i{Ej) — 0. If j is odd, then 

' Z/3 © z/3""'^(i0''^(^-9-2-3')+4) zfj=0 mod 3 

Z/3 © z/3°"'^(^'''(^-^3)+^) if j = 1,7 mod 9 

Z/3 © z/3°'''^(i4''^(^'-i3-^-=^')+5) ^fj = 4: mod 9 
Z/9 © z/3°^''^(i9,.o-i7-25.3i3)+4) j = 5, 8 mod 9, 

where 6 equals one of the numbers 2, 5, or 8. If j is odd and j = 2 mod 9, then 
V2j-i{E^) ^Z/9® z/3™°(^^''^(^-i^)+^\ while 

Z/33 © Z/3'^(-'-")+3 ifv{j - 11) < 10 

Z/33 © Z/312 or Z/3^ © Z/3^^ if v{] - 11) > 10. 

An immediate corollary of this work is a lower bound for the 3-exponent of E-j. 
Recall that the p-exponent of a space X, denoted expp(X), is the largest e such that 
7r*(X) has an element of order p^. We obtain 

CorollEiry 1.2. The 3-exponent of Ej satisfies exp^{E^) > 19. 

Proof. If X is a compact Lie group, then Vi{X) ^ dirlimk^m'^i+4k-3"^iX). Hence an 
element of order 3^^ in V2j{Ej) when j = 17 + 26 ■ 3^^ mod 2 ■ 3^^ corresponds to an 
element of order 3^^ in some 7Tn{Ej). ■ 



V2jiEr) 



expp(^7) < 



By comparison, the result that we have obtained at other primes is ([13]) 

'=17 ifp>17 
= 18 ifp=17 

> 17 if p = 7, 11, or 13 

> 18 ifp = 5. 

This should be contrasted with the situation for spheres, where we have expp(5'^""'"^) = 
n for all odd primes p and all positive integers n by [18]. 

Note that in Theorem 1.1, we determine the precise abelian group structure of 
all groups (with isolated exceptions), whereas in some earlier papers, such as [19], 
[13], and [10], wc had been unable to determine the group structure of most groups 
V2j-i{X). Because of the insights of [23], we are able not only to resolve the extension 
questions (group structure) in almost all cases occurring here, but also in those of 
[13] and [10]. These new results about group structure are presented in Section 3. 
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Most of the work is calculation of the I'l-periodic unstable Novikov spectral se- 
quence (UNSS) of the space I7 := Q,E-j/ Sp{2). The main input is the detailed struc- 
ture of H^{Q,Ef, Z/3) given in [25] and restated here in Proposition 5.2. The advantage 
of Y'j over ^£'7 is that BP^{Y'j) is a free commutative algebra, which makes its UNSS 
easier to calculate. Perhaps the most novel feature of the calculations here is the use 
of coassociativity to give detailed formulas for SP*-coaction. The terms which arise 
in this way play crucial roles in the calculations. The calculations of f*(F4) in [10] 
are essential in the transition from v^iY-j) to v^{Q.Ei). 

Another dehcate point is convergence of the t'l-periodic UNSS for Y-j. In Section 
4, we use deep recent work of Bousfield and Bendersky-Thompson to prove that the 
Vi-periodic UNSS converges to v^{—) for E^/F^, which we will show implies similar 
convergence for Y^. 

The author would hke to thank Mamoru Mimura, Pete Bousfield, and especially 
Martin Bendersky for useful suggestions. 

2. Background in vi-periodic homotopy and the UNSS 

In this section, we review known results, and establish one new useful result about 
computing the UNSS. Although some of these results are also true when p = 2, it 
will simplify exposition to assume that p is an odd prime. 

The T;i-periodic homotopy groups of any topological space X are defined by 

(2.1) v^\i{X) = \im[i\P+^+'"'P\p^),X], 

where q = 2p — 2, a notation that will be used consistently throughout this paper, 
and M*'{n) denotes the Moore space S^~^ U„ e*. Here the direct limit is taken over 
increasing values of e and k using Adams maps M^'^'^^" (p^) — > M^{p'^) and canonical 
maps M^ijf^^) — > M^ijf). This definition was given in [21], where their relationship 
with actual homotopy groups of many spaces was established. 

A space X is said to have an H -space exponent at the prime p if, for some e and 
L, p*^ : VL^X Vt^X is null homotopic. It was shown in [21, 1.9] that if X has an 
i?-space exponent, then 

v^'^'Ki{X) ft! lim7rj+feqpe(X), 
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and hence vf^7ri(X) is a direct summand of some group ni+kqp'^iX). To make this 
final deduction, we need to know that the hmit group is a finitely generated abelian 
group, but this will be the case. 

Next we discuss the unstable cobar complex, which can be used to compute the 
UNSS for many spaces. We will modify and generahze previous treatments of this 
topic. Let BP be the Brown-Peterson spectrum corresponding to the prime p. Then 

BP^ = 7r^{BP) Z(j,)[vi,V2, ...], 

where Vi are the Hazewinkel generators of BP^. Let F = BP^{BP) ^ BPj^hi, /i2, ■ ■ ■ ], 
where hi are conjugates of Quillen's generators ti. We have \vi\ — \hi\ — 2(p' — 1). 
Let rj — riu : BP^ — > BP^{BP) be the right unit. We write hiVj interchangeably with 
ri{vj)hi\ this is the right action of BP^ on F. 

Let M be a F-comodule with coaction map V'm '■ M— >F ® M. Tensor products are 
always over BP^. The stable cobar complex SC*{M) is defined by 

SC'{M) = F(8)F®---®F®M, 

with s copies of F, and differential d : SC%M) SC'+^{M) given by 

(2.2) d{ji (8) • • • (g) 7s m) = 1 (g) 71 (g) • • • 7^ (g) m 

s 

+ ^ • • • ® i'ilj) ® • • • ® 75 <8) m 

i=i 

(2.3) +(-l)'+Si® •••«'7.«'V'M(m). 

Our unstable cobar complex VC*{M) is a subcomplex of SC*{M), consisting of 
terms satisfying an unstable condition, introduced in the following definition. 

Definition 2.4. [6, 3.3] If M is a nonnegatively graded free left A-module, then V{M) 
is defined to be the BP^-span of 

{h^®m : 2(ii + i2-{ ) < |m|} C F (g) M, 

where I — {ii,i2, ■ ■ ■) and h^ — h^h'^ • • • ■ 

This unstable condition will pervade our computations. Note that for odd-dimensional 
classes, this agrees with the module U{M) which has been used most frequently in 
earlier work of the author and Bendersky. However, it also agrees with the V{M) 
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construction employed in [12] on even-dimensional classes. The novelty here is that 
it will be applied to a module having classes of both parities. 

Define VC^{M) = M, and VC'{M) = V{VC'-\M)). If M is a T-comodule, 
then the differential d of the stable cobar complex of M induces a differential on the 
subcomplex VC*{M). We will usually replace it by the chain-equivalent reduced com- 
plex obtained by replacing V{M) by ker{V{M)^M).{[b, 2.16]) This has the effect 
of only looking at terms which have positive grading in each position. The homology 
groups of this unstable cobar complex are denoted by Exty*(M). As observed in [6], 
these are the usual Ext groups in the abehan category V of F-comodules satisfying 
the unstable condition in Definition 2.4. Note there is a shift isomorphism 

(2.5) Ext'^'-\BP,S^'') ^ Extt;*(5P*-S2"+'), 

induced by a shift isomorphism of the unstable cobar complexes. 

The following generahzation of [8, §7] will be very useful to us. Its proof follows 
some suggestions of Martin Bendersky. 

Theorem 2.6. If X is a simply- connected CW -space, there is a spectral sequence 
{Ep^{X),dr} which converges to the homotopy groups of X localized at p. If X is an 
H -space, and BP^{X) is a free commutative algebra, then 

EI'\X) = Extt;*(g(5P,x)), 

where Q{BP^X) denotes the indecomposable quotient of BP^X. 

This is the UNSS for the space X. We will write VC*{X) for the complex 
VC*{Q{BP^X)), whose homology is E2{X). We denote by Pr the free commuta- 
tive algebra functor. If is a free SP*-module with basis B — B^y U Pod, then 
Fr(A") is the tensor product of a polynomial algebra over PP* on B^v with an exterior 
algebra on Pod. 

Proof. The spectral sequence was described in [8]. The determination of E2 when 
BP^{X) is a free commutative algebra is quite similar to that of [9, 6.1] and to the 
argument on [12, p. 346]. Let M = Q{BP^X), a free PP*-module. 

Let Q denote the category of unstable F-coalgebras, and G{—) the associated 
functor considered in [8]. If A*" is a free PP*-module, then G{N) is defined to be 
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BP^{BP{N)), where BP{N) is the 0th space of the Jl-spectrum representing the 
homology theory BP^:{—)i^N. If N has basis B, then 

(2.7) G{N) ^ BP^ll BP|6|) f« Fr{{h^b -.beB, 2|/| < 

beB 

Here is as in Definition 2.4 with |/| = Y^ij, while \b\ denotes the degree of the 
basis element b. Also BP„ denotes the nth space in the fi-spectrum for BP. The first 
isomorphism in (2.7) is immediate from the definition of G given in [8, 6.3,6.7]. The 
second isomorphism follows from [32, p. 51], which says that i7^(BP„) is a polynomial 
algebra if n is even, and an exterior algebra if n is odd, [30, 4.9], which says that the 
same thing is then true of SP*(BP„), and [7, p. 1040], which interprets conveniently 
the description of the indecomposables first given in [30]. Note that there is an 
isomorphism of SP*-modules 

(2.8) Q{G{N)) « V{N). 
We claim that 

(2.9) BP,X^G{M) G(y(M)) ^ G{V\M)) ■ ■ ■ 

is an augmented cosimplicial resolution in Q. Here the augmentation ^ is the com- 
posite 

BP,X^G{BP,X) ^ G{QBP,X), 

where the second morphism applies G to the quotient morphism p. The cofaces are 
of two types: 

• G{ViM)''°^^G{G{V'iM))^G{Vi+^M), where p : G{-) ^ QG{-) = 
V{—) is the quotient morphism. 

• G(T^'('0y9-<M)), < i < Q', where V'at : N — > V{N) stabihzes to the F-coaction. 
The degeneracies G'(F^M) — > GCV^'^M) just do the counit e on one of the ^-factors. 
It is clear that all of these morphisms are in Q, and the cosimplicial identities are 
satisfied as usual. The argument of [12, 3.13] imphes that the first type of coface map 
and the augmentation ^ are algebra morphisms. The second type of coface map is 
an algebra morphism since it is BP^{f) for an infinite loop map /, namely the map 
BP{Nf-^BP{N') induced by a PP*-morphism N-^N'. 
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The exactness of the resulting augmented cochain complex 

(2.10) ^ BP^X-^G{M) G{y{M)) G{V\M)) 

(obtained using the alternating sum of cofaces as boundaries) follows as in [9, p. 387], 
but we provide details for completeness. (In comparing with [9], it is useful to note 
that V{N) a''^U{aN).) Since the coface operators are algebra homomorphisms, 
their alternating sum preserves the filtration of this augmented complex by powers 
of the augmentation ideal. Let Eq denote the quotients of the filtration. Then, using 
(2.8), we have 

Eo(G'(\/^(M))) ^ Fr(Q(G'(\/^(M)))) ^ Fr(\/«+^(M)), 

and Eq[BP^X) k, Fr(M). Thus Eq{2.1Q) is the free commutative algebra on the 
complex 

^ M ^ V{M) V'^{M) -> ■ ■ ■ 

with morphisms the alternating sum of %]j on each V and V^m, which is exact by [16, 
7.8]. Since the free commutative algebra functor applied to an exact sequence yields 
an exact sequence, we deduce that (2.10) is exact, and hence yields a resolution in Q 
of BP^X. 

Hence Extg (BP*. i?P*X) is equal to the cohomology of the complex obtained by 
applying Homg(i?P*, — ) to the portion of (2.10) after ^. Since }i{om.g[BP^,G{N)) 
N, we obtain that Extg{BP^, BP^X) is the homology of the complex 

(2.11) M ^V{M) ^V'^{M) ^ ■■■ , 

with differentials as in (2.3). The claim of the theorem follows now from [8, 6.17], 
which states that E2{X) ^ Extg(i?P*, BP^^X), and the observation that (2.11) is just 
our unstable cobar complex, whose homology is Extv(M). ■ 

The following definition will be extremely important. 

Definition 2.12. The excess exc{'y) of an element j o/f* is defined to be the smallest 
n such that jL2n+i is an element of VC^{S'^"'~^^). 



8 



D. DAVIS 



This means that if 7 = 71 <8) • • • <8) 7s, then for 1 < i < s, 

li ® (7i+l- • •7s''2n+l) 

must satisfy 2.4. The following result, which was proved as [20, 4.2], gives a formula 
for the excess of certain monomials when s = 2. 

Lemma 2.13. If a <h and a <d, then 

ex.c{p°'h!' ^v'^h'^v^) = uia,x(^—{p—l){c+d),d^ -min^a, \b- {p—l)c—pd\^ -(p-l)e. 

In [4], the fi-periodic UNSS was defined and shown to satisfy the following very 
nice property. 

Theorem 2.14. If p is odd and X is spherically resolved, the Vi-periodic UNSS of 
X satisfies 

• Vi^E^{X) — Vi^E2^{X), and is unless s — 1 or 2 and t is odd. 

• Vi^E-^{X) ^ Vi^TTt-siX) if s = 1 or 2 and t is odd. 

• Vi^E2^{X) — dirlim £'2'*''''^'^ (X), where e is chosen sufficiently large, and the 
direct limit is taken over increasing values of k under multiplication by Vi . 

Here we say that X is spherically resolved if it can be built from a finite number of 
odd-dimensional spheres by fibrations. In Section 4, we will show that Theorem 2.14 
holds in a certain case in which we cannot prove that X is spherically resolved. 

We will use the unstable cobar complex for the unlocahzed UNSS, but, as we are 
dealing exclusively with vi-periodic classes, we can, in effect, act as if it satisfies the 
first two properties of Theorem 2.14. 

We will make frequent use of the following result for the spheres, which was proved 
in [20], following [8] and [3]. We introduce here terminology x = y mod S'^'^'^ to 
mean that x — y desuspends to (or is defined on) S'^'^~^. For elements of 
we frequently abbreviate XL2n+i as x. 

Theorem 2.15. (1) The only nonzero groups Vi^E2^(S'^'^~^^) are 
with s — 1 or 2 and e — min(n, i/(m) + 1) . 
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(2) The generator of E]^'^^'^^'^'^'^ [S'^''^^^) is a^je '■= d{v'^)/p^ and satisfies 

(2.16) a^/e = -vf-'/ii mod ^^e-i^ 
and, if m — sp^~^ with s ^ mod p, and e > n, then 

(2.17) am/e = —svT^^hi mod p. 

(3) If n < v{rn) + 1 and I < j < n, then d{p"''^'^^"''^^^~^ h^)L2n+i has order p^ in 

^2,2n+l+9m^^2n+l)_ ^^^^^^ 7;^"'"'/?^ ® M mod S^^-\ 

(4) //z/(m) + 1 < n and 1 < j < i'{m) + 1, then (i(p™~"'~-'7i™)i2n+i has order p' in 

^2,2n+l+gm^^2„+l)_ equals vT""'^"^""^ k, ® h'^^'-"^"'^-' mO(;52n+2i-2.M-3_ 

(5) T/ie homomorpMsm T? : £;2.2n-i+.m^^2n-i) ^ ^2,2n+i+gm^^2„+i-) ^^^•ec^z?;e 
if n < u{m) + 1 an(i is multiplication by p otherwise. 

Other more technical results proved in earlier works are as follows. Here we begin 
the practice, which will be continued throughout the paper, of often abbreviating hi 
as /i, and vi as v. Also, we introduce the term "leading term" to refer to a monomial of 
largest excess in an element z of VC{X)] all other monomials comprising z desuspend 
farther than does the leading term. 

Proposition 2.18. (1) ([23, 2.9]) If a cycle ofVC'^{S'^"+^) has order p^ in E2'\S^''+^) 
and leading term h ® hh2n+i, then j + z/(|£'2'*(*S'^"^^)|) = f + n. 
(2) ([20, 4.6]) Let v = v{(j), and let 

be a cycle with e e Z(p) and exc(L) <e— p + l<n — v. Then 

z = diuev''-^'+''-P+^^h^+''-P+'' + L'), 

where u is a unit in 'Zj(p), and exc(L') < e + v — p + 2. The same conclusion 
holds for z = ev^-^+P-^h h^-P+^ + L. 

We will need the following precise description of a2- 

Lemma 2.19. The element a2 which generates ^i'29+2n+i^^2r!.+i^ given by 

a2 — —d{v\)/p =^{v'^ — {v — phY) = 2vh — pK^ = hv + vh. 

We will make repeated use of the following result, especially part (1). 
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Lemma 2.20. Let p — 3. Then 

(1) r]{vi) =vi- 3hi 

(2) ri{v2) =V2 + Av'^h - ISv^h^ + 35vh^ - 2Ah'^ - 3/i2 

(3) i}{hi) = hi® I + I® hi 

(4) %l){h2) =h2®l + l®h2 + Ah^®h + Qh'^®h^ + 3h®h^-vh®h^-vh'^®h 

Proof. Parts (1) and (3) arc standard, appearing in all referenced papers of the author 
and/or Bcndcrsky. Part (2) is taken from Giambalvo's tables ([24]). Part (4) is derived 
from [13, 2.6i], using part (1) of this lemma several times to replace a v on the right 
(which is interpreted as r]{v)) by v — 3h. Note, however, that the sum in [13, 2.6i] 
should be preceded by a minus sign. ■ 

The following result, proved in [23, 2.11,2.12,2.13], will be central to many of our 
calculations. 

Lemma 2.21. (1) Ifn>l, then in El{S'^''+^), h\vi = v^hi mod S\ 

(2) h'l^^-^ ®hi = -vr^hi (g) h^l mod ,52"-! ifn> 1; 

(3) d{vih1+^) = -{£ + n + l)vihi ® h^l mod S^'^'K 

3. New results about extensions 

In this section, we show that Vi^n2j-i{X) is cyclic when X is a sphere bundle over 
a sphere with attaching map ai or a2- This will be crucial to our proof of Theorem 
1.1. We also determine the group structure of all groups ^7r2j_i(X) when X is an 
exceptional Lie group for which the orders |vf^7r*(X)| have been determined. 

The first result of this section is the following, in which Bk(2n + l,2n + kq + 1) is 
an S'^^'+^-bundle over 

g2n+kq+i ^^^Yi attaching map ak- 

Theorem 3.1. Let n > 1, and k — 1 or 2. Then V2j-i{Bk{2n + l,2n + kq + 1)) and 
V2j{Bk{2n + l,2n + kq + 1)) are isomorphic cyclic p-groups with exponent 

min(n, 2 + u{j — n)) if j = n mod p(p — 1) 

min(n + k{p — 1), 2 + z/(j — n — k{p — 1))) if j = n mod {p — 1) 

and j ^ n mod p{p — 1) 
otherwise. 
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Proof. Let B — 5jt(2n+ 1, 2n-\-kq-\-l). The determination of V2j{B) when A; = 1 was 
made in [13, 1.3(2)]. In [10, p. 301], V2j{B) was determined when k — 2, n — A, and 
p — 3. The argument there adapts to the general case in a straightforward fashion. 

The cychcity of V2j-i{B) when k — 1 is proved similarly to [23, p. 6 13]. It is easy 
when |w2j(^^"+''+^)| = p''+P-\ for then d : V2j{S^''+'^+^) V2j-i{S^'^+^) is surjective, 
and so V2j-i{B) pa ^2^-1 (5^"+^+^) is cyclic. 

Now consider the case when \v2j{S^''+i+^)\ < By Theorem 2.15(4), the 

class d{p'^~'^''^h^)i2n+q+i has order p in £'|(5'^"'+^"'"^). Here m is an integer related 
to the stem of the class under consideration. Since d annihilates this class, there is 
w e yC2(,52"+i) such that z := d{p"-Phr')i2n+q+i - w is a cycle in El{B). We 
wish to show that pz is the image of a generator of £'|(5'^"+^). 

We use the formula 

(3.2) d{hh) = d{h*)i + h'd{i), 

which was explained as [23, 5.4]. This implies that 

pz - d{p^-^~P+'h^i2n+q+l) - "-f+l/l- ® hi2n+l ' PW. 

The first term is a boundary. Using Lemma 2.20, the second term is, mod terms that 
desuspend below 5'^"'+-^, —y'^~'^~P~^^ ffi'+p-'^ ^ hL2n+i, and by Lemma 2.21(2), this is, 
mod lower terms, v^~"'~^~^^h ® h'^L2n+i, which is the leading term of a generator of 
£^1(5*^"^^), by Theorem 2.15 or Proposition 2.18. Also, as we shall show in the next 
paragraph, pw desuspends to S'^"'^^. Since the double suspension from i^KS*^""-^) 
to E2{S^^~^^) is not surjective, this implies that pz is the image of a generator of 

E|(52-+l). 

One way to see that w can be chosen so that pw desuspends to S*^"^^ is to note 
that pz = d{p"^~'^~P~^^h"^)L2n+q-i — pw is & cycle in El{B{2n — l,2n + q — 1)); i.e., 
multiplying by p allows you to double desuspend the whole equation. 

The argument when /c = 2 is very similar. We will have w G VC'^{S'^^^^) satisfying 
that z := d{p"^~'^~'^P~^^ h"^) L2n+2q+i — w is a cycle in £"1(5), and, as in the previous 
paragraph, w can be chosen so that pw double desuspends. We obtain 

pz = d(p"^-"-2f+2/i"^t2n+29+l) -p-— 2P+2/,m ^ Q,2i2n+1 - P^^- 
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The first term is a boundary, the last term desuspends, while the middle term is, 
mod terms that desuspend, ^;^-"-2p+2^n+2p-2 ^ {2vh-ph?)i2n+i- The term with ph? 
desuspends, while the first term is, by 2.21(2), 2u7*~"~^"^''^/i"+^"^ ® hL2n+i, which is 
the leading term of a generator of The class {pz} generates by 

Proposition 2.18(1). ■ 

In [13] and [10], sphere bundles X of the type covered by Theorem 3.1 occurred 
as factors in product decompositions of exceptional Lie groups (localized at a prime 
p). In those papers, we merely asserted the order of the groups Vi^n2j-i{X), but 
we can now declare that they are cychc. There are a few other cases of factors Y 
of exceptional Lie groups for which only the order but not the group structure of 
Vi^TT2j-i{Y) was given in [13], but we can now complete the determination of the 
Vi-periodic homotopy of all torsion-free exceptional Lie groups by giving the group 
structure in these cases. The following result handles all of these, and those left 
unresolved in [10]. 

Proposition 3.3. (1) The 3-primary groups V2j-i{B{ll, 15)) and V2j-i{EQ/ F^), 
which occur in [10, 1.2], are cyclic. 

(2) The factors B{2n + 1, 2n + g + 1) which occur in G2 for p = 5, and Eq for 
5 < p < 11, El for 11 < p < 17 and for p = 5, and Eg for 11 < p < 29, as 
listed in [13, 1.1], have V2j^i{B) cyclic of order given in [13, 1.3(2)]. 

(3) The spaces 5(11,23,35) and i?(23, 35, 47, 59), which occur as factors in 7- 
primary Ef and Eg, respectively, have V2j-i{B) cyclic of order given in [13, 
1.4]. 

(4) The spaces 5(3,11,19,27,35), 5(3,15,27), anrf 5(3, 15, 27, 39), which occur 
as factors of 5-primary Ej, 7-primary Ej, and 7-primary Eg, respectively, 
have V2j-i{B) pa Z/p(B Z/p^~^, where e is the number given in [13, 1.4]. 

Proof. The first two parts are immediate from Theorem 3.1. The first space in part 3 
is a factor of 5^7(18), and in the notation of [23, 1.5] it has N = 5 and i = 2. By [23, 
1.9], its f2j-i(— )-groups are cyclic. Similarly, the second space in part 3 is a quotient 
of a factor 5 = 5(11, 23, 35, 47, 59) of SU{30). This factor 5 has iV = 5 and i = 4 in 
the notation of [23, 1.5], and hence its groups t'2j-i(— ) are cychc by [23, 1.9]. Thus 
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SO are the groups of the desired space -6(23, 35, 47, 59), since V2j-2{S^^) = for values 
of j under consideration. 

The spaces in part 4 are also factors of SU{n) and hence are covered by [23, 1.9]. 
In the notation of [23, 1.5], these three spaces each have = 1, while i — A, 2, and 
3, respectively, and tti > 0. Thus their V2j-i{—) has a split Z/p by [23, 1.9]. ■ 

4. Discussion of -E7/F4 

In this section we sketch a natural approach to Theorem 1.1. Although we will 
not follow it exactly, it is helpful in understanding the approach which we do employ. 
Also, the result here about the convergence of the Wi-periodic UNSS for E7/F4 will 
play a key role in our later deduction of Vi^tt^{Ey). Throughout the remainder of the 
paper, we will have p — 3. 

The fibration 

(4.1) F^^ Er^ Er/F4 

induces a long exact sequence of f i-periodic homotopy groups. The groups f*(-F4) were 
computed in [10], while v^:{Ej/F4) could be computed by the methods of this paper. 
Then we would need to determine the boundary homomorphism and extensions in 
the exact sequence associated to (4.1). This determination is complicated by the 
fact that the Bockstcin j3 is nonzero in H*{F4\ Z/3), which causes BP^{F4) to be not 
a free i?P*-module, and therefore the UNSS of F4 cannot be calculated directly by 
known methods. (In [10], f*(-F4) was determined by a combination of topological and 
UNSS methods.) Moreover, applying Q to the fibration does not help much, because 
BP^{QEj) is not a free commutative algebra, and so we cannot apply Theorem 2.6 
to compute its Ui-periodic UNSS. Hence UNSS methods cannot be used directly to 
analyze the exact sequence in v*(— ) associated to (4.1). 

Our proof could be expedited slightly if we were assured of the validity of the 
following conjecture, due to Mimura. 

Conjecture 4.2. Localized at 3, E-j/F^ is spherically resolved by spheres of dimension 
19, 27, and 35, and attaching maps a^- That is, there is a fibration S^^ E-j/F^ — > 
i?2(27, 35) and a fibration 5*^^ i?2(27, 35) S'^^ , with attaching maps from 19 to 
27 and from 27 to 35 both equal to the element a2 which generates nr{S^)^3) ~ Z/3. 
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Although we cannot use this proposed topological description of Ej/F4, we can say 
enough about this space to compute its t'l-periodic UNSS and prove that it converges 
to v^{Ei/ F4). However, the specific results of this computation will not be needed 
for the reasons cited earlier in this section, and the methods will be applied again 
in computing the t'l-periodic UNSS of the space I7, which will be our approach to 
v^{Ey), and so we shall wait until the next section to use them. 

The following first steps toward proving Conjecture 4.2 will be useful to us later. 
They were pointed out by Mimura. 

Proposition 4.3. (a.) H* {Ej / F4^; Z) is an exterior algebra on classes of dimension 
19, 27, and35. {b.) The 35 -skeleton of E-^/F^ is S^^[J±a2^'^'^^a2^^^ > wherea2 generates 
7:7(3%) ^ Z/3. 

The proof of this proposition requires the following result of Kono and Mimura. 

Proposition 4.4. ([28]) There is an algebra isomorphism 

H*{E-j] Z3) ^ Z3[e8]/(e^) ® A[e3, 67, en, 615, Cig, 627, £35] 

with only nonzero action of (5 or V^"^ on generators given by (5e-j — eg, /3ei5 — —e\, 
V^es = 67, V^eu = ei5, P^Cig = icig, V^ey = eig, P^eis = 627- 

Proof of Proposition 4.3. Part (a) was proved in [29, 9.4]. To prove part (b), let 
$ denote the secondary cohomology operation associated with the relation V^PV^ — 
PV'^ — V'^P — 0. This secondary operation detects the map a2 and satisfies — V^^. 
(See [28, p.353].) In [28, 7.2], it is shown that $(627) = 635 in H*{E7), where Er 
denotes the fiber of Er ^ K{Z,3), from which it follows that $(627) = 635 in if* (£'7). 
Since V^ei^ — ieig and V^ei^ — 627 in H*{E'j), we can use a dual relation — 
to deduce that ^(eig) = ±627- The dual relation is deduced by applying the 
original relation in the 5'-dual, and then noting that V^, V^, and $ are all self-dual. 
Here duality is given by the antiautomorphism of the Steenrod algebra, while $ is 
self-dual since it is defined by a symmetric Adem relation involving self-dual terms. 
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We close this section by proving the following result, which will be crucial for us, 
since we will use it later to deduce that the t'l-periodic UNSS of converges to 

Theorem 4.5. The vi-periodic UNSS of E-j/ converges to v^{Et / F^) . Indeed, The- 
orem 2.14 holds ifX = ET/Fi. 

Note that this result would be immediate from 2.14 if we knew that Conjecture 
4.2 were true. Instead, we must call upon the following result, which was proved by 
Bendersky and Thompson at the request of the author. 

Theorem 4.6. ([15]) Suppose X is a K / p^-durahle space with K*{X; Tip) isomorphic 
as a Z/2-graded p-adic X-ring to A{M), where M — M„ is a p-adic Adams module 
which admits a sequence of epimorphisms of p-adic Adams modules 

M„ ^ M„_i ^ . . . Ml = M(2mi + 1) 

with ker(pi) = M{2mi + 1) for 2 < i < n. Here M{2m + 1) ^ K*{S^"'+^; %) as 
a p-adic Adams module, and A(M) denotes the exterior algebra on M. Then the 
{BP -based) Vi-periodic UNSS of X converges to v^{X). 

Actually, what is proved in [15] is that X — > Jf" induces an isomorphism in v^{—). 
The target space denotes the X/p-completion. In [14], it is proved that the Vi-periodic 
UNSS converges to v*{X^, which then implies Theorem 4.6. The proof of this result 
in [15] rehes heavily on the work of Bousfield ([17]). Bousfield defines a space X to 
be ir/p*-durable when its X/p^-localization map induces an isomorphism in v^{—). 
Theorem 4.5 is an immediate consequence of Theorem 4.6 and the following two 
results. 

Theorem 4.7. There is an isomorphism of Z/ 2- graded p-adic X-rings 

K*{Er/F^;Zp)^A{Ms), 
with short exact sequences of p-adic Adams modules 

^ M(35) ^ M3 ^ M2 ^ and ^ M(27) ^ M2 ^ M(19) ^ 0. 



Theorem 4.8. E-j/F^ is K/Z^-durable. 



16 



D. DAVIS 



Proof of Theorem 4.7. We use Proposition 4.3 to give the £'2-term of the Atiyah- 
Hirzebruch spectral sequence converging to K*{E-j/ Fi^^'Lp) as A 19, 2:27, 2:35] 
The spectral sequence collapses to yield the claimed exterior algebra as K*{E'j/Fi] Zp). 
This collapsing can be deduced from Yagita's result ([33]) that there is a 3- local iso- 
morphism 

BP*{E7) ^ BP*{Fi) ® A[19, 27, 35], 
or from Snaith's result ([31]) that the spectral sequence 

ToiR^G)i^,R{H))^K*{G/H) 

collapses. 

The claim about the decomposition of M3 as a p-adic Adams module will follow- 
once we show that the generators of the exterior algebra K^{E-j/F^ satisfy ^''^(2^35) — 
k^'^X35, ip'^{x27) — k^^X27+ 0(1X35, and ■^'^(xig) = k^Xig+a2X27+0(3X35 for some integers 
ai, a2, and 0:3. Note that K^{E'j/ Fi) is spanned by Xig, X27, X35, and X19X27X35. We 
will show that the top cell of E7/F4, which corresponds to this product class, splits 
off stably, and so cannot be involved in Adams operations on the lower classes. Then 
the formula for the Adams operations follows from the inclusions S^^ — > E7/F4, 
S''^ ^ {E7/F^)/S^^, and S^'> ^ {Er / F^) / {Er / F^)(^^\ 

To prove the stable splitting, we argue similarly to [22, 1.1]. By [2, 3.3], the 5'-dual 
of the manifold E7/F4 is the Thom spectrum of its stable normal bundle. However, 
KO{E7/F^{^-) — 0, since E7/F4 has no cells whose dimension is a multiple of 4. Thus 
the bottom class sphts off the Thom spectrum of the stable normal bundle, and dually 
the top cell stably sphts off the manifold itself. ■ 

The following proof is due to Pete Bousfield. 

Proof of Theorem 4.8. In [17], Bousfield utilizes a functor $ from spaces to spectra, 
which he had introduced in earlier papers. A map / induces an isomorphism in v^(— ) 
if and only if $(/) is an equivalence. Let X — E7/F4, and consider the commutative 
diagram 

$(^4) ^ ^Ey) ^ ^X) 



mF,)K/p) — > mE7)K/p) — > $(^i./p) 
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Since $ preserves fibrations, the top row is a fibration, and since [17, 7.8] states that 
if-spaces are X/p^-durable, the first two vertical arrows are equivalences. We will be 
done by the 5-lemma once we show that the bottom row is a fibration. 

By [17, 6.3], K\G- %) « A(Pg), where Pq = PK^{G\ for G = F4 or E-;, and 
by [17, 8.1] ^{GkIv) ^ is a XZ;-Moore spectrum M{Pg/V. 1), where Pq/V is 
the quotient by the injective action of the Adams operation. Similarly, by Theorem 
4.7, 

and, since Xk/p, being K/p-local, is certainly AYp*-durable, we can apply [17, 8.1] to 
obtain ^{Xx/p) — M.{M^/%Ij'p). There is a short exact sequence of Adams modules, 
(e.g. from [33]) 

^ M3 ^ PK\Ej) PK\Fi) 
and hence a fiber sequence 

MiPpjr, 1) ^ M{PEjr, 1) ^ M{M^/r, i) 

which is the bottom row of the commutative diagram considered above, showing that 
it is a fibration, as desired. ■ 

5. E2 OF PERIODIC UNSS OF VLEj/Sp{2) 

In this long section, we calculate the periodic UNSS of F7 := VLE-j/ Sp{2). In Section 
7, we perform the transition from these results to Vi^Ti^{Ej). 

We begin by recalling the following result of Harper, which we used in [10] . 

Proposition 5.1. ([26, 4.4.1]) There is a ?>- equivalence 

F^^ K X 5(11, 15), 

where K is a finite mod 3 H -space satisfying 

H*{K;Fs) ^ A{xs,xr) F^[xs]/{xl), 

with x-j = V^xs and xs = Px-j. Also, -6(11, 15) is an S^^-hundle over S^^ with 
V^Xii = X15. Moreover, there is a fibration B{3,7) — > X — > W, where W is the 
Cayley plane, and a fibration S"^ — > ftW — > D,S^^. 
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Because of the torsion in H*{K; Z), and hence in H*{Ej] 7a), we will work with 
loop spaces, and use the following result of Hamanaka and Hara ([25]). 

Proposition 5.2. The mod 3 homology as Hopf algebras over A satisfies 
H^{QF4) f» -F3[^2, ^6, ^10, ^14, ^221/(^2) 

H^(Q,E'j) F3[^2, ^6, ^10, ^14, il8, ^22, ^26, ^341/(^2)) 

with the only nonzero reduced coproducts being 

^{te) = -tl ®t2-t2®tl 

and 

'4>(tis) = tjtl ®t2+ t2tl ®tl-tl®tQ- tjia ® t2t6 

-t2tQ ® tjte - tQ®tl + tl® t2tl + t2® tltl 

The only nonzero action of dual Steenrod operations Vf are VKto) — t2, (iu) = 
^10, Vlit^s) = etu-t2tl Vl{t22) = Ktl, Vl(t2e) = 6^22, ^'(^34) = -etf^, V!(tis) = t^, 
'P^ihe) — tu, o-nd Vl{t^ — ^22- Here e — ±1 and k — ±1. 

Because of the relation ^3 = in (f^-Ey) , Theorem 2.6 does not apply to X — QE7. 
Instead, we will work with the space defined in the following theorem. We begin 
by noting (see [10, p. 296]) that the space B{3, 7) which occurs in 5.1 is 3-equivalent 
to Sp{2). 

Theorem 5.3. Let Ej/Sp{2) denote the quotient of the group inclusion Sp{2) — >• 
F4 ^ Et, and let F7 = ^Et/Sp{2). Then 

H^{Yr; G) ^ Afxy] ® G[xiq, xu, xis, ^22, 2^26, 2:34] 
forG^Z/?, orZ^^). 

Proof. There is a commutative diagram of fibrations 

^B{3,7)^ E-j 
(5.4) i i 
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and this, together with the fibration -8(3,7) — > F4 — > 1^ x 5(11,15), which is a 
consequence of 5.1, imphes there is a fibration 

(5.5) VtW X VtB{ll, 15) ^ 1^7 ^ VtE^/Fi. 

The last fibration in 5.1 determines H^{QW), and the Serre spectral sequence of (5.5) 
collapses, yielding the claim of the theorem. The collapsing is proved by observ- 
ing that the only possible differential on one of the three polynomial generators is 
di7{xis) — 6X7 (8)Xio, but this has e = by consideration of the map from (5.5) to the 
fibration 

QW X QS(11, 15) ^ S(3, 7) ^ F4. 



We easily obtain the following consequence. 

Corollary 5.6. BP^iY-j) is a free commutative algebra on classes xi, xiq, X14, xis, 
X22, X2G, and x 34, with Xi G BPiiYj). 

Proof. By [1, 12.1], the rationalization of I7 is homotopy equivalent to K[Q,7) x 
K{Q, 10) X • • • X K{Q,34:). Any differentials in the Atiyah-Hirzebruch spectral se- 
quence 

A[a;7] Z(3)[a;io, xu, Xis, X22, X26, X34] (g) BP^ =^ BP^lY^) 

must be seen rationally, and hence must be zero. That X7 = is deduced from the 
inclusion 5"^ — > I7. ■ 

By Theorem 2.6, the UNSS of I7 can be calculated as the homology of the unstable 
cobar complex. This complex splits as the direct sum of the unstable cobar complex 
for S"^ plus the even-dimensional complex. That is, we have 

'e'/{S^) ifiisodd 
Extv'*(SP*(xio, Xu, xis, X22, X26, Xu)) if t is even 

Our work in this section will go into computing 

^ Exty*(5P*(a;io, xu, xis, X22, X26, X34))- 



(5.7) E'/{Yr) 
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This is the Vi-periodic Ext which forms the £'2-term of the I'l-periodic UNSS of I7. 
In Section 7, we will use Theorem 4.6 to show that this spectral sequence converges 
to v^{Y'j). Throughout the remainder of the paper, E2 and Exty will always refer 
to their t'l-periodic versions, unless exphcitly stated to the contrary 

To compute the homology of the unstable cobar complex of I7, we will utilize exact 
sequences in Extv(— ) induced by the injective extension sequences 

(5.8) ^(26) ^ A{26, 34) ^ ^(34), 

(5.9) A{18) A{18, 26, 34) A{26, 34), 
and 

(5.10) A(10, 14) A(22) BP^y(Yr) A(18, 26, 34). 

Each of these A{—) is the subquotient of BP^{Y7) on the generators of the indicated 
dimensions. Each has an induced F-coaction. The sequence (5.10) is closely related 
to the fibration 

-F4 — >• £"7 — >• E-j/ F4, 

with F4 ^ 5(11, 15) X K. 

By [9, 4.3], each of these three injective extension sequences yields a long exact 
sequence when ordinary (unlocalized) Exty{Q{—)) is applied, and these Ext-groups 
arc the homology of the associated unstable cobar complexes. The fi-periodic E2- 
term is the direct limit of a direct system of f i-power morphisms, and these commute 
with the morphisms in the exact sequences just described. Since the direct limit of 
exact sequences is exact, we obtain that there is an exact sequence of fi-periodic 
i?2-terms. As observed after Theorem 2.14, we can still work with the unstable cobar 
complex, as long as we restrict attention to fi-pcriodic classes. We will abbreviate 
Extv(Q(A(ni, ■ ■ ■ ,nfc))) as E2{ni, ■ ■ ■ ,nk), and the associated unstable cobar com- 
plex as C{ni, ■ ■ ■ , rifc). 

In order to analyze d in the long exact Ext sequences, we will need the following 
crucial result about the F-coaction. 
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Proposition 5.11. If M is a T-comodule which as a BP^-module is free on Xiq, xu, 
2^18; 2^26? o-'^^'d and if 

^'(2^34) = 1 <8) a;34 + Q!2 (8) a;26 + 7i ® + T2 (g) + T3 (g) xio 

"0(2^26) = l®X2Q + a2®Xis+Ti®Xu^-T^®XiQ 
■0(^18) = 1 (8) X18 + CKi (8) Xii + 76® 2:10 
■0(3^14) = 1 (8) Xi4 + CCi (g) Xio, 

then Tq = and, mod terms that desuspend lower than does the indicated term, 
Ti = \v'^h'^, T2 = -bvh\ T3 = \vh^, T4 = h^, and Tg = \vh^ . 

This proposition will be applied when Af is a quotient of BP^iY-j). The a2-terms 
in -0(2^26) and '0(a;34) are present there by Proposition 4.3, since a2 is the cycle which 
detects the homotopy class 02 . We will see after the proof that our application of this 
proposition to computing the homology of the unstable cobar complex would not be 
affected if a unit coefficient were present on 0:2. Similarly, the ai-terms in ip[xi^) and 
tl^^Xii) are present because of Vl{tis) and Vlitu) in 5.2, and the homology application 
would not be affected if they were multiplied by a unit. 

Proof. We begin with the determination of Ti. Using also that ■0^:^26 — '\-®X2Q-\-Oi2®Xi^ 
mod lower terms, the coassociativity formula (■^ ® 1)'0(^34) — '0)'0(^34) implies 
that ^'(0:2) = 0:2 <8) 1 + 1 <8) 0:2 and ^'(^1) = Ti (g) 1 + 1 Ti + 0:2 (8) 0:2. Now, a2 is 
given in Lemma 2.19, and one can verify that it is primitive. Let be the reduced 
coproduct in BP^BP, defined by = y(E)l + l<8)y + We use the condition 

that ^ a2®oi2 to find 71. 

First, using Lemma 2.19 and Lemma 2.20(1), we compute 

a2®a2 = {2vh - 3/i^) ® {2vh - 3h^) 

= Avh ®vh- 6/1^ ®vh- 6vh ® h'^ + 9h'^ ® 

= Av'^h ®h - ISvh'^ (g) /i + ISh^ ®h-Qvh®h'^ + ® . 
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Now Ti must be a combination of the following five terms, whose are listed. 

(5.12) /i^ ^ 4:h^ ^h + 6h'^ + 4:h®h^. 

vh^ ^ Svh"^ ®h + ^vh®h^ + v®h?-l®vh^ 
= 'ivh? 0h + 3vh®h'^ + 3h0 h^. 

v^h (g)h- l(g)v^h = 9v^h (g) h - 27vh'^ (g)h + 27h^ (g) h. 

We solve a system of linear equations for the coefficients of these five terms, to see 
what combination Ti can have ■0(21) = 0:2 (8) q;2, as required. We find that the desired 
term Ti is given by 

Ti = - 6i;/i3 + 2t;2/i2 + ci(-3/i4 + t;/i3 + 3/^2) +c2(-f/i4 + 9i;/i3- 1^2/^2 + ^3/^)^ 
with ci and C2 in Z(3). Replacing 3/i by v — r]{v) at several places, this simplifies to 

where L desuspends to . 

The other Tj's are determined similarly. Coassociativity implies 

ipiTo) = ai (g) ai 

^'(Zk) = a2®oii 

(5.13) ^'(7^5) = as (8) Te + 7; (8) ai 

■(/'(Ts) = 0:2 ® T4 + Ti (g) tti 

^(Ta) = a2®T5 + Ti®T6 + T2®ai. 

That Tg must equal is easily determined (since cci = — /i). To determine T4, we 
write q;2 (g) CKi = — 2i>/i ®h-\- 3/i^ (g /i, and note that ^0 acts as follows: 

^ 3h^®h + 3h® h"^ 
vh^ ^ 2vh ®h + 3h®h^ 
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Solving a system of equations for the coefficients of h^, vh'^, and v'^h yields 

(5.14) T^ = h^ - vh^ + c(3/i^ - 2>vh'^ + v'^h), 

with c e Z(3). All terms except the first are defined on S^, and so T4 is as claimed. 

We must have ■0(^5) ^ vh^h?' - - ®h + vh? (g) h. The terms of which 

T5 is a linear combination are the same as those in T4, which were listed with their 
^(— ) in (5.12). Solving this system of equations yields that the combination whose 
■0(— ) is that required of can be 

for any Ci and C2 in Z(3). However, fractions with 3 in the denominator do not lie in 
Z(3). The only way to prevent this is to specify that Ci must be of the form —1 + 3A;, 
with k e Z(3). This yields 

T5 = f /i^ - /i2 + A;(-3/i4 + vh^ + 3/12) + L, 

where L (the C2-term) desuspends to -S"^. In two places, we replace 3/i^ by vh^ — h^v, 
yielding 

(5.15) Ts = + L', 

as desired. In our determination of T^, we should also take into account the homoge- 
neous part of (5.14), as it contributes to the T4(8)Q;i-term of '^{T^). When the resulting 
equations are solved, we obtain an additional homogeneous part of T5, equal to 

which desuspends farther than the leading term of (5.15). Thus T5 is as claimed. 

Similarly, by (5.13) we must have (mod homogeneous terms that will be considered 
below) 

^{T2) = {2vh-3h^)^{h^ -vh'^)-{lh'^-6vh^ + 2v^h^)(»h 
= 2vh ^h^ - ?>h^ - 2v^h + 9vh^ ®h? - 9h^ ® 
/i + 6vh^ ®h- 2v2/i2 h. 
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The terms that can comprise T2 are hsted below, with their ijj. 





hh®h* + lO/i^ ® /i^ + lO/i-^ ® /i^ + 5/i^ ® /i 






3/i (8) /i^ + 4v/i + 6vh^ ® + Avh^ ® h 






-9/i^ + 6vh + Sv^h + Sv^h"^ h 






27h^ - 27vh^ ® + 9v^h ® + 2v^h h 






-81/i^ ®h+ W8vh^ ®h- bAv'^h^ ®h + 12v^h ® h 




Vh2 H- 


^ 3vh (g)h^ + Qvh'^ ®h'^ + Avh^ ®h-v^h®h^ - v'^h^ (g) 




hih2 1- 


3h®h^ + 9/1^ ®h^ + lOh^ ®h'^ + 4:h*®h-vh®h^ 
-2vh^ (S) h!^ - vh^ (S) h + hi (S) h2 + h2 <S> hi 






24/i^ ®h- 35vh^ ®h + ISv'^h'^ ®h- Av^h ® /i + 3/i2 


(8) hi 



We solve a system of equations to find the combination of these terms having ijj as 
desired. We obtain 

T2 = -^h^ + lvh'^-lv^h^ + ci{fh^-27vh^ + 18v^h^-6v^h'^ + v'^h) 
+C2{-fh^ + Ivh^ - ^v^h^ + 2v^h^ + vh2 - 3hih2 + V2hi). 

As in the previous case, in order to prevent 3 in a denominator, we choose C2 = — l+3c. 
This yields 

T2 = - ^vh"^ + bv'^h^ - 2v^h^ - vh2 + 3hih2 - V2hi 

plus two homogeneous terms which are defined on S'^. The first two terms in T2 
combine to ^vh^ — ^h'^v — y'^^^^i ^^'i so, mod terms that are defined on 5"^, we have 
T2 = —bvh'^, as claimed. We have omitted here consideration of homogeneous parts 
of T4 and Ti already obtained. These yield additional homogeneous terms in T2 which 
are, in fact, defined on 5"^. 

Finally we apply a similar method to determine T^. It is again a matter of solving 
a system of linear equations for the coefficients of the monomials that can comprise 
T3. We list the terms involved for the convenience of the reader, who can quite easily 
check that our claimed T3 does indeed have the required coproduct. The lead term of 
this T3 will play an important role in our subsequent calculations. Indeed, it caused 
the answer for v*{Ej) to turn out differently than the author had anticipated. 
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Momentarily ignoring some homogeneous parts, T3 must satisfy 

^^(Ts) = {2vh - 3h^) ® (f /i^ - /la) + (f/^^ - Qvh^ + 2v^h'^) ® ^h^ 

(5.16) - fvh"^ + bv^h^ - 2v^h'^ - vh2 + 3/ii/i2 - V2hi) (8) {-h). 
= -f/i^ (8) /i^ + (8) /i^ - /i + /i^ - 3t;/i=^ ® /i^ 

(8 /i + (8 /i^ - 5^;2/i3 ® /i + 2^;^/i2 (8) /i + S/i^ (8 /i2 

(5.17) -3/i/i2 (8) /i - 2^;/i ® h2 + vh2® h + ® h 
We list the terms that can comprise T3 and their coproducts. 

^ 6/i ® /i^ + 15/i^ (8 /i^ + 20/i^ (8 /i^ + 15/i^ ® /i^ + 6/i^ (8 /i 
v/i^ 1-^ 3h®h^ + 5vh (8) /i^ + lOv/i^ ® + lOvh^ (8 /i^ + 5v/i^ (8) h 
v'^h^ ^ -9/i^ ® /i^ + Qvh (^h^ + Av'^h ® + 6v^h'^ ® + Av^h^ 8) h 
v^h^ ^ 27h^ (»h^ - 27vh^ ® + 9w^/i ® /i^ + 3t;^/i ® /i^ + 3t;^/i^ ® /i 

^ -81/i^ (8 /i^ + lOSv/i^ (8) /i^ - bAv'^h'^ ® + 12v^h h'^ + 2v% ® h 
v^h ^ 243/i^ ® /i - 4:05vh'^ ®h + 270v'^h^ ®h- QQv^h'^ ®h + lhv% ® h 
v^h2 ^ Sv^h ®h^ + 6v^h^ + Av'^h^ ®h-v'^h®h^ - v^h^ (8 h 

-9/i^ 8) /i2 + 6vh (g) /i2 
vhh2 3t;/i 8) /i"^ + 9vh'^ (g) + lOvh^ ® + Avh^ ®h- v^h (g) 

-2v^h^ - v^h^ ® h + 3h<® hh2 + vh<® h2 + vh2<® h 
h'^h2 ^ 3h®h^ + 12h^ ® h'^ + 19h^ ® + lAh'^ ® h'^ + Ah^ ® h - vh ® h'^ 

-Svh'^ (8 /i^ - Svh^ ®ih^ -vh^®ih + 2h0 hh2 + /i^ (8) /i2 + 2/i/i2 ®h + h2®ih^ 
V2h^ ^ 2Ah^ - 35vh^ ® h'^ + ISv^h'^ ® - Av^h ® + 3/i2 ® + 2v2h h 
vv2h ^ -72h^ ®h + 129vh'^ ®h- 89v'^h^ ®h + 30v^h'^ ®h- Av% ® h 
—9hh2 <S) h + 3vh2 <S) h + 3v2h (8) h 
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The solution of the resulting system of linear equations is 

(5.18) T3 = ^h''-lv^h^ + lv^h^-lv^h2+vhh2-lh^h2 + ^V2h^ 

+ci(-f /i^ + 81vh^ - ^v^h^ + ZQv^h^ - fv^h"^ + v^h) 
+C2(9/l^ - ^vh^ + 2lv'^h^ - fv^h^ + 2v^h'^ + \v'^h2 
-3vhh2 + \h?h2 - \v2h? + vv2h). 

The first term is rewritten as j{vh^ — h^v), in order to see it with a unit coefficient. 
All other terms desuspend to 

The terms Ti, T5, and T2 which appear in the equation (5.13) for ipiT^) which gave 
rise to the system of equations which we just solved have homogeneous parts whose 
coefficients we do not know. For example, T5 includes a summand of c{—3h^ + vh^ + 
3/12)- Thus added on to the RHS of (5.16) must be 0:2 ® c{—3h^ + vh^ + 3/i^) and 
7 other homogeneous parts arising similarly. For each of these we solve a system of 
equations similar to the one just solved, but with the RHS equal to the appropriate 
homogeneous term. These give homogeneous summands to T3. All resulting terms 
desuspend to S'^, and so may be ignored. We spare the reader the details. ■ 

The terms 0:2 ® X2q, «2 ® 2:^18) (^1 ® 3:^14) and ai ® Xiq appear in the hypothesis of 
Proposition 5.11 because of attaching maps in QE-j. One might think that care is 
required as to the coefficients (±1) of the 0:2 and ai in Proposition 5.11. However, 
this is not the case. For if the four terms listed at the beginning of this paragraph are 
multiplied by units Ui, U2, M3, and M4, respectively, then the terms Ti to Tq which are 
determined in Proposition 5.11 are multiplied by units U1U2, UiU2U^-, U1U2U3U4, U2U3, 
U2U3U4, and respectively. This can be seen by consideration of the first part of 

the proof of 5.11. For example, we would have ip{Ti) = ■Ui«2 (E)U2a2- 

The terms ai, a2, and Ti in 5.11 will be used in the proofs of the theorems through- 
out the remainder of this section to determine boundary morphisms in exact se- 
quences, and in pulling back terms whose boundary is 0. If units Ui were present as 
we are discussing here, it will only have the effect of multiplying boundaries and pull- 
backs by unit amounts. The point is that all terms in a boundary will be multiplied 
by the same unit, so that cancellation due to different units cannot take place. For 
example, suppose that a term h^^x^^ pulled back to h^^x^^ + h^'^X2Q in the case where 
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all Ui — 1. Then, with units Ui present, h^^xzi pulls back to h^^X34 + Uih^^X26, and the 
boundary sends this to h^^ <S> U1U2T1X1S + Uih^^ <S> U2a2Xi8, which is just U1U2 times 
what it would have been. These uniform units do not affect whether terms are zero, 
and hence can be ignored. 

Now we can compute E2'^-'{Yj), dividing into cases depending upon the parity and 
mod 9 value of j. These will be dehneated in Theorems 5.19, 5.24, 5.30, 5.33, 5.35, 
and 6.1. Note that the exact sequences in E2 induced by (5.8), (5.9), and (5.10), 
together with (5.20), imply that if t is even, then E2'*(Yy) — unless s = 1 or 2. 

The first case is as follows. 

Theorem 5.19. If j is odd, and j = 1 or 7 mod 9, then 



min(8,J/(i-43)+5) 



(5.20) 



E^'^'iYj) ^ Et'(Y7) Z/3 e Z/a 

Proof. Let j be as in the theorem, and ly — v{j — 7). Formally, we obtain the result by 
computing first the exact sequence in E2{—) associated to (5.8), then that associated 
to (5.9), and then that associated to (5.10). We know from (2.5) and 2.15 that 

2/3mm(m,,.(i-m)+i) jf ^- = ^ ^lod 2, and s = 1 or 2 
0, otherwise 

and we know from [13, 2.4] how to compute -£^2(10, 14) from £"2(10) and E2{14:). 
These are the building blocks, but the glue is the boundary morphisms in the exact 
sequences, and computing these requires much care. 

A convenient way to picture the calculations is by Diagram 5.21, which we think 
of as resembling an Adams spectral sequence chart. 

Diagram 5.21. 



1 



34 








i/ = 1 



i/ = 3 



i/ = 5 



E'/' E 
u>6 
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Each • represents a Z/3, and each integer e represents a These groups 

correspond to £"2 (2m), where 2m is the integer indicated on the left side of the 
diagram. The vertical lines indicate nontrivial extensions (multiplication by 3). These 
are true because of the ai and a2 attaching maps and Theorem 3.1. The positioning 
of the 22-class is due to (5.5), i.e., that it is split away from the 10-, 14-, and 18-classes. 

For example, the diagram for the case v — means that if v{j — 7) = 3 the boundary 
morphisms in (5.8) and (5.9) are 0, yielding £;2'^^'(18, 26, 34) ^ £;2'^^'(18, 26, 34) 
Z/3^ while in (5.10) 

El'^^{18, 26, 34)^^2 '2^' (22) © E^'^^iW, 14) ^ Z/3 © Z/3^ 

is into the first summand and has image of order 3^ in the second summand. Using 
either the exact sequence (5.10) or the diagram, this implies that in this case 

eI'^\Y7) « E^'^^Yr) ^ Z/3 © Z/3^. 

The case u = 2 omitted from Diagram 5.21 has groups of order 3^, i.e. labeled 
"3," on the 14-cell, and otherwise has the same groups as do the other values of u. If 
{j — 7)/18 = 1 mod 3, then it has a differential like that in the case 1^=1, while if 
(j — 7)/18 = 2 mod 3, then it has no nonzero differentials. 

Of course, we still have to verify that the differentials are as claimed in Diagram 
5.21 and the above paragraph describing the case u = 2. The reader can easily verify 
that this will imply Theorem 5.19. The Z/3 on the 22-cell splits for algebraic reasons. 

We analyze the differentials by the methods used extensively in [23] and [20], in- 
volving the unstable cobar complex. One convention is that we often omit writing 
powers of Vi on the left; they can always be determined by consideration of total 
degree. The boundary £'2'^-' (34)-^i?2'^''(26) sends the generator htsi to h ® Q;2'-26 = 
h ® {hv + vh)L2Q. This is obtained from ip{x-^4^) = 1 C?> a; 34 + ^2 ® 2:^26 in 5.11, and from 
2.19. The relationship of d with the coaction is standard; see, e.g., [20, 2.7]. 

We use 2.20 to write h^vh = vh^h — Sh'^^h, and Sh'^^h = h'^®{v—r]v) = 0. Also, 
h®hv is defined on and hence is in i?2(— )• So the image of d equals fP™''/i(8>/ii26- 
By 2.18(second part of (2)), this cycle equals d{{h^ + L)l2q), with v = z/(j — 13) = 1 in 
2.18. Here we have omitted a unit coefficient, which will be done routinely unless the 
coefficient plays a significant role. Here L desuspends lower than the associated term. 
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in this case /i^, a notation that will be employed frequently, with the L's sometimes 
adorned with primes to distinguish them from one another. 

Thus the generator /it34 pulls back to /it34 + {h^ + I/)t26 in -£'2'^'' (26, 34), and d in 

(5.9) sends this to {h ® {\v'^h^ + L') + {h^ + L) ® a2)iis e E2''^^{18). Here we have 
used 5.11. The leading term here is 

Ih v'^h^ = \{'qvfh ®h'^ = \{v - Zhfh ® h^, 

which has leading term \h®h^. Note how t^'s on the left are absorbed into other 
unstated v's. By 2.18(2), this equals d{{h^ + L")ii^) (omitting unit coefficients), and 
so our generator pulls back to 

z = hL34 + h^i26 + h^Hs e eI'^^{1S, 26, 34). 

Here, and subsequently, "=" will mean "mod L," with the lower terms varying from 
term to term. 

We analyze the two components of d{z) in the exact sequence of E2 derived from 

(5.10) . We begin by showing that the component 82 into i?2'^"'(22) is 0. We have 
92{z) = (/i® {h^ + L) + ®h)L22- Here we use the ai attaching map from 22 to 26 in 
^£'7, which causes the ®hL22- The ®{h^ + L) is obtained by the same calculation that 
gave T4 in Proposition 5.11. But these terms don't even matter very much, for such 
terms desuspend far below S*^^, and hence are in EI'^\22) ^ Z/3. Here we use a 
fact that we will use frequently, essentially from 2.15(5), that if E2''^\2n + e) ~ Z/p, 
then an element in it which is in the image of the double desuspension is 0. 

Similar, although much more delicate, considerations apply to obtaining the other 
component 

(5.22) 9i : £;2'^^'(18, 26, 34) ^ EI^'^^IQ, 14). 

First we determine the composite when di is followed (by p) into £'2'^-' (14). Using 
Proposition 5.11 and the usual relationship between the coaction and the boundary 
morphism, we obtain 

(5.23) pdi {z) = {h® vh^ + ® + ® h)tu- 

Here all terms except h vh"^ desuspend to 5"^, while, mod S'^, h (8) vh"^ = h®h'^. If 
i/ > 3, then, by 2.18(1), this element has order 3^111(4,1.-2) -^^ eI''^\1^), and this is as 
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claimed in Diagram 5.21, with the arrows above the lowest one being a consequence 
of the lowest one and the extensions. 

If i/ = 1, then by 2.18(2) and (5.23), pdi{z) = d{{h^ + L)iu). Thus z pulls back to 

z' = hiu + h^i2% + h^iis + /i^i4 e C(14, 18, 26, 34). 

Using 5.11, this satisfies 

d{z') = {h® vh^ + h^® vh^ + + ® h)iio. 

Here there can be "lower" terms associated with the factor on either side of the tensor 
sign, omitted f's occm^ only on the left, and, as usual, unit coefficients are omitted. 
All terms here except the first desuspend to S*^, while that term generates i?2'^-' (10), 
so the image of di in this case has order 3 in ii^2'^-'(10, 14), as claimed. 

Finally we consider the delicate case when v = 2. In this case, there are two terms 
with the potential to cancel, and so we must keep track of unit coefficients. We 
write j = 7 + 18c, with c ^ mod 3. As before, i?2'^-' (18, 26, 34) is generated by 
z = /ii34 + h^L26 + ^^'•is- The unit coefficients of the second and third terms will not 
be important, and so are omitted. The leading term of pdi{z) in ^2'^^(14) is, by 5.11, 
h ® (— 5w/i*^)ti4 = h ® h^iiii where we have used that —5 = 1 mod 3. By Lemma 
2.21(3), d{hJ) = —9ch ® in this stem. {{£ + n + 1) of the lemma multiplied by 
2{p — 1) equals 2j — 14.) Thus, since 9h^ = h^, we obtain pdi{z) = d{{—\h7 + L)6i4), 
and so z pulls back to 

z' = hiu + h^l'2Q + ^^^18 + \h''iii. 

This satisfies 

d{z') = {h® \vh^ + uh^ ® vh^ + u'h? ® h'^ + ® (-/i))iio 

with u and u' units in Z(3). The middle terms desuspend, while the first and last 
combine, using 2.21(2), to give \ + \ times the generator of £'2'^-'(10) ~ Z/3. This is 
nonzero if c = 1 mod 3, and if c = 2 mod 3, as claimed in the paragraph earlier in 
the proof which described the case u — 2. ■ 

The statement and proof for the case j = 4 mod 9 are quite similar to the cases 
just completed. 
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Theorem 5.24. If j is odd, and j = 4 mod 9, then 

Proof. Let j be as in the theorem, and i/ — v{j — 13). As in the previous theorem, 
the way in which the result stated in the theorem is obtained is most conveniently 
expressed in a diagram. 



Diagram 5.25. 




z/<7 i/ = 9 z/=10 v=ll u>12 



The omitted case u — 8 is like the case u <7 if {j — 13) /(2 • 3^) = 1 mod 3, while it 
has all differentials if (j — 13)/(2 • 3^) = 2 mod 3. In most cases, the Z/3 from the 
22-class sphts for algebraic reasons. The sphtting in the cases when u > 11 require a 
bit of care, which will be dealt with later in the proof. The boundary in the diagram 
in these cases is meant to be hitting the sum of the classes on the 22 and the 18. 

We begin with the case v < 7. We start as in the proof of 5.19, but this time the 
boundary of htu in E^'^^ (26) is d{{h''+^ + L^ae), by 2.18(2). (In the proof of 5.19, 
we had ^{j — 13) = 1.) Thus the generator of £^2'^-'(26, 34) equals, mod lower terms, 
/it34 + /i^''"^t26- The next term is found by writing 

(5.26) {h ® ilv^h^ + L) + (/t^+2 + L') ® {2vh - 3h'^))Lis 

as a boundary in the unstable cobar complex. The first term will dominate if z/ < 
4, while the second term will dominate if 4 < z/ < 7. (If z/ = 4, there could be 
cancellation that would cause it to desuspend even lower, but that won't affect the 
final result.) We obtain that 
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generates £'2'^-^(18, 26, 34). The h'' when u > 4 is obtained since 

®vh = h'' ®h = h® h"-^ = 

using 2.21(1,2,3). Now 

which has leading term a multiple, k, oi h ^ h'^. By 2.18(2) this is d{kh^Li4) since 
u{2j — 14) = 1, and so z pulls back to z' = z — kh^Li4 in C(14, 18, 26, 34). The leading 
term of d{z') in i?2'^-'(10) is /i vh^, which is a generator. It is also important to 
know here that i?2'^-''(18, 26, 34)-^ £'2'^-' (22) is 0, for if it were nonzero then i?2'^"'(Y7) 
would be cyclic. The leading term of this d is h^^'^®hi22 which desuspends and hence 
is in E2. 

Next we consider the case z/ = 8, in which we have to keep track of unit coefficients 
because of the possibility of two cancelling terms. Let j — 13 = 2 ■ 3^c, with c ^ mod 
3. By 2.21(3), we have d{h^^L2Q) = —3^ch h^i'26 = —ch ® hL2Q, where the second 
step utilizes 3^h^ = [v — r]v)^. Then i?2'^-'(34)-^i?2'^-'(26) sends the generator to 
h ® {—h)L26 = d{{^h^'^ + L)l2q), and so the generator pulls back to z = ht-^^ — ^h^^L2Q. 
The leading term of d{z) in i?2'^-'(18) is —^h^^ 2vhLi8, which, using 2.21(1,2), is 
equivalent to -f /i® hiig = f /i ® h^Lis- By 2.21(3), 

d{hhi8) = -|(j - 9)h h^iis = -(2 + 3^c)h ® h^ns = -cd{z). 

Thus z pulls back to 2;' = 2; + ^h'^tis- The leading term of pdi(z') in £'2'^-^(14) is 
W ®{-h)Lu. By 2.21(3) again, 

d{hhu) = -|(i - 7)h (g) h^Lu = -h® 3h^Lu = -h® h^ou = -cd{z'), 

where we have used 2.21(1) at the last step. Thus z' pulls back to z" = z' + \hJ 
in C(14, 18,26,34). There are two leading terms in d{z") e £;2'^^'(10). These are 
h ® \vh^ and ^/i^ ® {~h). They combine to give | + ^ times a generator, and this is 
if c = 2 mod 3, and nonzero if c = 1 mod 3, as claimed. The d into the 22-part is 
as in the case u <7. 

If 9 < < 10, the situation is much easier. Similarly to the previous cases, but 
ignoring units, the generator of £'2'^-^(18, 26, 34) is z = hi34 + h^~^'^L2e + h^~^iis- The 
leading term of pdi(z) in £^2*^^(14) is h"^'^ htu, which is a generator ii u — 10, and 
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is 3 times the generator if i/ = 9. The boundary Es'^-' (18, 26, 34)^^2'^^ (22) is 
because its leading term is h'''^'^ ® hi22 which is in E2 for v < 10. 

When V = 11, the boundary from £3'^^ (26, 34) to £;2'^^(18) is now nonzero. Indeed, 
its image, given in (5.26), has leading term 

h}^ ® 2vhLi8 = hiis = h<S) h^Ois, 

which is a generator. Here we have used 2.21(1) and 2.21(2). The boundary from 
£'2'^'' (26, 34) to £'2'^-' (22) is also nonzero since the generator z = /ii34 + /i^^i26 satisfies 
d{z) = h^^ (8) /ii22, and this is a generator. The chart would then suggest (accurately) 
that the boundary hits into the sum of the two classes, and the extension is also into 
this sum. One way to formalize this uses the exact sequence 

(5.27) £2'^^' (26, 34)^£2'^^(10, 14, 18, 22) ^ E^'^^Yj) eI''^\2Q, 34). 

The first and last groups are Z/3^^, while the second is Z/3 © Z/3^. The boundary 
d hits the sum of the two generators. There is a cycle representative z in E'2'^^ {Yj) 
which projects to an element of order 3 in £'2'^-' (26, 34) and satisfies that 3 times this 
generator is the image of the sum of the two generators of £'2'^"' (10, 14, 18, 22). This 
implies £1(^7) ~ Z/3 © Z/?>^^. 

Actually, a little bit more care is required here with regard to coefficients of the 
generators. It is conceivable that the boundary could hit the sum of generators but 
the extension be into their difference, and then the extension group would be cyclic 
of order 3^^. What really happens is that, if c is defined as before by j — 13 = 2 • 3^^c, 
then a generator z = hc^^ — ^h^^L26 satisfies 

(5.28) d{z) = i/i^^ ® hL22 - Ih^^ ^vhiis, 

while on the other hand, by the argument of Theorem 3.1, the element d{3^~'^'^h^~^^)L26 
of order 3 extends to a cycle z' in C(18, 22, 26) such that, mod classes that desuspend 
farther, 3z' is homologous to 

(5.29) y-^^h^-^^ ® {-h)i22 + 2v/iH8. 

The classes in (5.28) and (5.29) are clearly unit multiples of one another. In each 
case, we use h^^ ®vh = h}^®h to see that the second term is a generator. 



34 



D. DAVIS 



This completes the case v — 11. The case i/ > 12 is very similar. Actually it is 
a bit easier, for the consideration of the previous paragraph need not be addressed, 
since the initial differential hits into a cyclic group. ■ 

The case j = mod 3 introduces no new ideas. 
Theorem 5.30. If j is odd, and j = mod 3, then 

eI^''\y,) ^ E^'^^iY^) ^ z/3e z/3'"^'^(^°'^^^-^-2-3')+^). 

Proof. Let j be as in the theorem, and u — v{j — 9). We will show that the diagram 
encapsulating the exact sequences of (5.8), (5.9), and (5.10) is as depicted in Diagram 
5.31 for certain values of v. This diagram, together with the subsequent discussion 
of what happens for values of v not included in the diagram, implies Theorem 5.30. 

Diagram 5.31. 




If z/ > 8, then the group corresponding to the 18-cell has order 3^, and by [13, 
2.4] there is a nonzero boundary morphism from i?2'^"'(26) to £'2'^-''(18) (hitting the 
element of order 3, of course), and three other boundary morphisms (one below and 
two above it) follow from it by the extensions in a diagram similar to that of 5.31. 

We will show below that the case z/ = 5 is like the case z/ < 4 if (j — 9)/(2 ■ 3^) = 2 
mod 3, while it has no differentials if (j — 9)/(2 ■ 3^) = 1 mod 3. But first we establish 
that the cases in Diagram 5.31 are as depicted. 
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Let i/ = 7. The nonzero differential from Eg '^^(34) ^ Z/3 to eI''^\1^) ^ Z/3^ is 
established similarly to that in the case v — ll'm the preceding theorem. Indeed, the 
boundary £'2'^-'(34)-^i?2'^^(26) sends the generator to 

h ® Q!2t26 = h® {2vh - 3/i^)t26 = {2vh ®h-Qh?®h-2,h® h^)i2& = d{vh'^ - 2/i^)i26, 

and so it pulls back to ht^ + {2h^ — vh^)i2Q. This in turn has boundary [h ® {\v'^h^ + 
L) + (2/i^ — vh?') ® Q;2)ii8, whose leading term \h ® v'^h^uis = \h® h^i\s has order 3 
by Theorem 2.18(1). The two differentials above this differential then follow from the 
extensions. They could also be obtained by the method of pulling back cycles that 
we have been using. 

When < 6, the generator of £;2'^^'(18, 26, 34) is ^ = hi^ + h^i2& + h^+^ii^. To 
obtain the last term, we used 2.21(3) to write h®h^ii^ as ^(/I'^+^iig) mod lower terms. 
The leading term of pdi{z) in £'2'^-'(14) is h^^^ ® htu, which is a generator ii u — 6. 
If < 6, then this is d{{h^'^'^ + L)ii^, and so z pulls back to 2;' = 2; + /i^+^ti4. Then 
d{z') in £;2''' (10) is 

(5.32) {h ® vh^ + h^^ vh^ + K"^^ ^h'^ + ® h)iio, 

using Proposition 5.11. If z/ < 5, then the first term is the leading term, and it is a 
generator. If z/ = 5, we must keep track of unit coefficients, since the first and last 
terms have the same excess. 

Let j — 9 = 2 ■ 3^c, with c ^ mod 3. We start with htsA- The next term {h^i2Q) is 
insignificant. The leading term of the image under —^£'2'^-' (18) is h^^v'^h'^ = ^h®h?. 
Incorporating coefficients into the analysis of the previous paragraph, 2.21(3) actually 
says that d{h^Lis) = —3^ch h'^Lis = —ch (g) h'^tis, and so z is actually equivalent to 
/i634 + h^L26 + ^h^i'is- The leading term of pdi{z) is 

j-^h^ {-h)iu = yJT'® h^iii = -d{j-^hhu), 

since by 2.21(3) dihhu) = -|(2 ■ 3^ + 2)h ® h^tu- Thus the refined form of z' has 
significant terms hL^^ + ^h'^iu, and so the leading terms of d{z') are 

and this is in £'2 if c = 1 mod 3, and is a generator if c = 2 mod 3. 
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The boundary into £'2'^-^ (22) is {h <S> + <S> h)i22, which is when the group is 
isomorphic to Z/3. ■ 

The next result also follows by the methods already employed. Note however the 
excluded case, which requires major refinements, deferred to the next section. 

Theorem 5.33. If j is odd, and j = 5 or 8 mod 9, but iy{j — 17) 7^ 13, then 

E'/'{Yj) ^ E^'^'iYj) ^ Z/3' e z/3'"^'^(^^''^^^-^^)+^). 

Proof. The proof when j = 5 is particularly simple. The result here is just that 
El'^^{Yr) f» eI''^\Yi) Z/32 © Z/3^ It is most conveniently seen with charts such 
as those of the earlier proofs in this section. In this case, the two main towers have 
groups of exponent 2, 1, 1, 1, and min(i/(j — 5) + 1, 5), reading from bottom to top. 
These are the groups corresponding to generators of dimensions 34, 26, 18, 14, and 
10, respectively. There is also a group of exponent 2 from the 22-class, and it extends 
cyclically above the lowest 1. 

We will show that the boundary is nonzero from enough of the bottom groups of 
the £'2'^-^ -tower to just kill the group of exponent min(i/(j — 5) + 1, 5) at the top of 
the £'2'^-'"tower. That leaves a Z/3^ in each tower, and the Z/3' coming from the 
22-class cannot be involved in differentials and must spht off for algebraic reasons. 

Let V — u(j — 5). To see these boundary morphisms, we show that the element at 
the top of the £3'^^ -tower (i.e., the element of order 3 in ^''^^(lO)) is hit by the Z/3 
on 14 if i/ > 4, by the Z/3 on 18 if i/ = 3, and by the Z/3 on 26 if 1/ = 2. Other 
differentials are seen from the cyclic extensions by reading down the towers. The 
differential when u > A was proved in [13, 2.4]. The differential when u — 3 is seen 
by pulling the generator of £'2'^-'(18) back to 2; = htis + h^tu and then using 5.11 to 
obtain d{z) = /i (g) |v'/i'tio. The can be moved to the left using 2.20(1), and by 
2.18(1) Ih /I'tio is an element of order 3 in £2'^^ (10) ~ Z/3^. The case 1/ = 2 is 
similar, with the leading term of d{hi2& -\- h^iis + ^^'-u) being h ® vh^Lio, which has 
order 3 in S^'^-^dO) ^ Z/3^. This completes the proof when j = 5 mod 9. 

Now suppose J = 8 mod 9, and let u — u{j — 17). The picture is similar to that 
just described, with groups of exponent min(17, i^-l- 1), 1, 1, 1, and 2, from bottom 
to top, and a group of exponent 2 extending just above the lowest 1. These groups 
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correspond to generators of dimensions 34, 26, 18, 14, 10, and 22, as in the case j = 5 
just considered. The claim is that differentials from the E\'^^-toweT kill all but the 
bottom 3^^ elements in the £'2'^''-tower \i v > 14, and that they kill the top Z/3^ if 
1/ < 12. Actually, when u > 14, the initial element hit also involves a summand in 
the 22-summand, but these elements hit are just the appropriate 3-power times the 
element at the bottom of the £'2'^-' -tower. The £^2'^-'(22) Z/3^ is a split summand 
in £^2 '^-^ (F7) even though it may be a summand of a class hit by a boundary. We will 
illustrate this carefully in the case u — 15 below. 

When 1/ > 16, the differential from the bottom of the tower into the class on the 
26-class follows from [13, 2.4]. Of course, the remaining differentials in this case follow 
from the extensions. 

When u — 15, the generator of £'2'^-' (34) has leading term h^^i34 by 2.15(2), and 
this pulls back to 2; = h^^L34 + uh^^L26, where u is a unit in Z(3). Usually we don't 
bother to list these unit coefficients, and here the value of u will not be important, 
but because cancellation issues will come into play, we feel that the unit should at 
least be given hp service. The leading term of d{z) in £2'^-' (18) ® £2*^^(22) is 

(5.34) uh^^ (g) 2v/iti8 + uh^^ (g) {-h)t22- 

Using 2.21, each of these terms is a generator of its summand. On the other hand, 
as in the case u — 11 oi the proof of 5.24, there is a cycle z' in C(18, 22, 26) which 
restricts to a generator of £2 '^-^ (26), and has 3z' homologous to a unit times (5.34). To 
clarify the splitting, that £2'^-'(22) Z/3^ splits as a direct summand of E2''^\Yj), we 
again use the exact sequence (5.27). The argument following (5.27) apphes verbatim, 
with Z/3^^ and Z/3 replaced by Z/3^'^ and Z/3^ respectively. 

The case u — 14 is similar, but involves a 2-step extension process. In the diagram 
of the type 5.31, £2'^^ (26) extends into £2'^^'(22) and into a Z/32 built from 

£2'^'' (18) and £2'^'' (14).^ The boundary hits into an element of order 3 in each of 
these summands, which in the case of the second summand means that it hits a 
generator of £2'^-' (14). In order to know that the splitting is as claimed, we must 
verify that the element hit is 3^ times a generator of £2'^'' (26). This is the same sort 
of A erification that we have been making in some other cases, i.e. that the boundary 

^£^2'^-' (10) is in the image of d, and hence does not figure into the extension question being 
considered here. 
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and the extension involve classes that are unit multiples of one another, but here the 
extension is a 2-step process. 

Boundeiry: The generator of E2'^\34) pulls back to 2; = h^^iz4, + uh^^L26, with u a 
unit. The component of the boundary of this in £'2'^-'(22) is uh^'^ (8) {—h)i22- On the 
other hand, the boundary into £^2'^-^ (18) satisfies 

d{z) = uh^^ (g) vhiis = 2M/i^° (g) hiis = -2uh (g) h^tig = d{2uh^iis)- 

Here we have used the three parts of 2.21, with the last step using that 2j — 18 = 
2(2 • 3^^c + 8), and so \{2j - 18) = 1 mod 3. Thus z pulls back io z' = z - 2uh^Li8, 
and the leading term of d{z') is 2uh^ (g) htu. 

Extension: Similarly to (5.29), d(h^^)L2e is an element of order 3 in £'2'^-' (26), and 
it extends to a cycle z' in C(18, 22, 26) such that, mod lower classes, 3z' is homologous 
to 

h^^ (g {-h)i22 + h}^ (g 2vhiis. 

To evaluate 3^2;', we use the second 3 to reduce each h}^ to h}"^. The second term 
becomes 

2h}^ ® hii8 = -2h h^Lis = d{2h^)iis = -2h^ (g {-h)Lu. 
Here we have applied (3.2) at the last step. 

Thus we have a unit times h^'^ (g {—h)i22 + 2h^ (g hii^ as the leading term of both 
the image of the boundary, and the 3^-multiple of the generator. 

The case v < 12 \s much easier. The generator of £'2'^''(34) pulls back to 2; = 
h^^^izA + h''~^L26 + h''~^Li8 + h^'^Lu and this satisfies d{z) = h"^'^ (g vh^Lio, which is 
a generator since it does not desuspend. ■ 



The final case differs from the others in that Ss'^-'dy) and E^^'^^iy-j) are not iso- 
morphic. 

Theorem 5.35. Assume j is odd and j = 2 mod 9. Then £2'^^(>7) ~ Z/S^ © 



z/s^ez/a^ if 11) = 2 

Z/3^ ® Z/3°^'°(ii'^(j-ii)+2) if v{j - 11) > 2. 
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Proof. Let j be as in the theorem, and u — v{j — 11). The picture when i/ < 8 is as 
in Diagram 5.36. 

Diagram 5.36. 




i/ < 8 



The indicated boundary is seen by puUing back the generator am/2 '•34 to a cycle z 
on C(14, 18, 22, 26, 34), and then obtaining a„t/2 ®vh^LiQ as the leading term of d{z). 
This generates i?2'^"'(10). This generator am/2 is as described in 2.15(1). The slash 
does not mean division; this notation was introduced in papers preceding [8], where 
it was first applied unstably. 

The boundary from C(26, 34) into the large group £'2'^"' (22) has leading term 0:^/2® 
/?;^/.22, which is if z/ < 8. Here we have m = |(j — 17), and we use the argument of 
5.11 to see the factor on the RHS of the ®. (Because of 0:2 and ai attaching maps, 
going from 34 to 22 is like going from 26 to 14, with coefficient T4 = in Proposition 
5.11.) The claimed splitting when < 8 follows for algebraic reasons from Diagram 
5.36. 

If z/ = 8, then am/2 ® has order 3 in E^''^^ [22), by 2.18(1). If we let g denote 
a generator of £'2'^-' (34), then similarly to Diagram 5.36, ?>^g = a + b, where a is 
detected on the 22-class, and b on the 18-class. We have relations in £'2"^-^ {Yj) 3^a, 
3^6, and (from the boundary) 3^6 + ?)^ua, with u a unit in Z(3). The quotient group 
is easily seen to be Z/3^^ © Z/3^, with generators g and (1 — 3^M)a — 2>^g. The case 

= 9 is extremely similar. 
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U v > 10, then £"2 '^•'(22) ^ and the component of the boundary into this 

part hits 3^ times the generator, as before. But this imphes now that the class on 
eI'^\26) hits the element of order 3 in £"2'^^ (22). Whereas in the cases u — S and 9, 
the hitting into the 22-part was without much consequence, because it just adjoined 
another summand to the classes on the 10-cell which were being hit, the boundary 
described in the preceding sentence causes one less element in the kernel and cokernel. 
In the sort of description given in the previous paragraph, the relation 3^a is changed 
to 3^^a. Now we have 

S^^g = ^ _ 134^ _ Q 
and the claimed splitting follows. ■ 

6. The final case 

In this section, we establish the final and most difficult case of £2 '^^'(17), with 
— 17) = 13. We will explain why we cannot say for exactly which such values of 
j the maximal order is achieved. 

Theorem 6.1. Ifj is odd, andv{j — 11) — 13, then for 5 equal to one of the numbers 
2, 5, or 8, 

El'''\Y,) « El^^\Y^) f« Z/32 © z/3°^^"(^^'"(^-^^-''^-^'')+^). 

The methods of this paper do not allow us to determine which of the three numbers 
equals 5. 

Proof. Let j — 17 = 2 • 3^^c, with c ^ mod 3. The proof begins just like that of the 
case J = 8 mod 9 in Theorem 5.33. In the diagram of the type that we have been 
using, the main tower has groups of exponent 14, 1, 1, 1, and 2, reading from bottom 
to top, and a group of exponent 2 extending above the lowest 1. We choose as the 
generator of £'2'^-'(34) the element —OLm/iAf^zA-, where m — \{j — 17). We use (2.16) to 
write it as {h^^ + L)i34, with L defined on 5"^^. (We choose the minus on a to remove 
the minus signs in (2.16) and (2.17).) 

The boundary £'2'^-'(34)-^£'2'^-'(26) sends this generator to a class congruent mod 
lower terms to 

h^^ ® 2vhi2Q = 2/i^2 ® hL26 = -2h ® h^^i2& = d{{h^^ + L')L2e). 
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Here we use all three parts of 2.21, with the last step using that j — 13 = 2c3^^ + 4, 
and so |(j — 13) = 2 mod a high power of 3. Thus the generator pulls back to 

Next we consider d{z) in both £'2'^-' (22) and in £'2'^-' (18). The former has leading 
term {h^^ /i^ - h^^ (g) (-/i))t22- This desuspends to S^^ and hence is in eI''^\22) ^ 
Ti/?)^. Since the 22-cell factor is split from C(10, 14), we do not need to write this as 
a boundary and append to z. In C^(18), we have 

d{z) = {h}^ ® Iv'^h^ - h^^ ® 2vh)iis = -2/i^ ® hiis = 2h® hhis = di-^hhis), 

similarly to the previous paragraph. Thus z pulls back to z' = z + |/i^ii8- 

The leading term of d(z') in E2''^\14:) is (g) (-/i)ii4 = ® h^tu, and so 
d{z') — d{{—^h'^ + L)lu), since |(j — 7) = 5 mod a high power of 3. As we will be 
working at most mod 9, we replace the 10 by 1. Thus z' pulls back to 

(6.2) z" = -am/ui-sA - h}^i2& + l^^^is + hJilA- 

Now we use (2.17) for ttm/M) and obtain terms in d{z") due to the first and last terms 
of (6.2): 

(6.3) d{z") = {ch ® Ivh^ + h'^ ® (-/i))tio = (^c + l)h (g) hhw. 

This is a generator if c = 1 mod 3, in which case the diagram described at the 
beginning of the proof has differential from the generator of £2'^"' (34) and 3 times 
the generator kiUing £'2'^-'(10), yielding Z/3^ © Z/3^^ as the groups E2'^\Yj) and 
E'2'^\Y'j), as claimed in this case. The splitting is true for algebraic reasons. 

If c = 2 mod 3, then d{z") is not a generator of £2'^-' (10) a; Z/9, but it might be 
3 times the generator. This requires second-order information throughout the entire 
analysis above. This is something that we have not had to do in past applications. 
In particular, we need finer information in all three parts of Lemma 2.21, in both 
descriptions of a^/e in Theorem 2.15(2), and in Proposition 5.11. 

We now write c — ?>k-\-2. The cycle z" above can be written as 
(6.4) 

Z" = -Q;m/14t34 + {-h^^ + ^10 + ^lo)''26 + {\h^ + ^7 + ^7)^18 + (^^ + ^ + ^6)^14, 

where Ai has excess exactly i, and Lj has excess less than i. When wc evaluate d{z"), 
the terms of excess 5 will cancel out as in (6.3) with c = 2, and so we can desuspend 
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d{z") to S^. Our differential into i?2'^^(10) is equal to 3 times the generator if and 
only if the desuspension of d{z") yields a generator of E2^^~^{S'^). 

Let Bi be the terms of excess exactly 4 in of Proposition 5.11. The terms of 
excess 4 or 5 in d{z") are 

(6.5) - am/ii ® {\vh'' + Bi) + ® \h? + (/i^ + ^g) ^ [-h). 

Note how certain terms such as dA^Q and 9^47 were dropped because they yield terms 
whose excess is less than 4. 

By an analysis similar to [13, 2.11(5)] we have, when p = 3 and c ^ mod 3, 

a,3e-i/, = -chv'^'~'-^ + \chV^-"-'' - 3c/iS'=3^"'-3 mod 9. 

Let (g) {—h) = h®h^ + + L4, where C4 has excess 4, and I/4 excess less than 4. 

Omitting terms of excess less than 4, (6.5) becomes 

(6.6) 

((3A; + 2)(/i + 2,h^) - 3h^ + 6/^^) ® (^v/i^ + ^4) + ® /i^ + /i ® /i^ + C4 - ^6 ® /i, 

where the {h + 3h^) comes from hv'^^" — {v — Shy^" ^~^h. Now write h ® vh^ as 
h®h^ — 3/i^ (8) h^. Using coefficients of 3 to reduce the excess of terms on the right 
side of the ®, we can rewrite (6.6) in excess 4 as 

(6.7) \kh ®h^ + |(/i + i/i^ + h^) + 2h®Bi + h'^ + C4 - Aq h, 

where the (g) comes from the 2h ® and h (E) in (6.6). Let D4 = |(/i + 
|/?.^ + /?/^) (g) + ^/?.^ C?) Z?.^ + C4, a specific class of excess 4, independent of the value 
of k and of any choices of the sort that we are about to mention. 

The term B4 is the terms of excess 4 in (5.18). It could also have included any 
terms of excess 4 in the homogeneous part of T3 discussed in the paragraph after 
(5.18), but as discussed there, this homogeneous part has excess less than 4. Then B4 
contains a term — which appears in (5.18), and it could contain a term 9c2h^ 

if C2 ^ mod 3. However, because of a term with coefficient y which has C2 as 
coefficient, we can infer that C2 = mod 3. Thus B4 = —^v'^h^, and so we can let 
D'^ = D4 — h ® v'^h'^, still a specific element of excess 4, and we have 

(6.8) \kh + D'^- A^^h 
as our new expression for d{z") mod L. 
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Next we study Aq. To find it, we apply -^£'2 '^-^(14) to the sum — Xi +X2 + X3 
of the first three terms of (6.4), and write the result as d{AQ). The terms in d{Xi) 
will have excess less than 5, and so may be omitted from the analysis. There is 
one term, ® of excess 6, which accounts for the h'^ in (6.2). There are a 

number of terms of excess 5, which contribute toward Aq. In particular, note that 
d{h^) = h®h^, and so each occurrence olh®h^ in d{zz) affects the coefficient of 
in Aq. The leading part of d{X2) is — /i^-^ (8)T4, where T4 is as in 5.11. The full form of 
T4 is given in (5.14) and involves a homogeneous part whose coefficient c we do not 
know. Two parts of this homogeneous part have a factor of 3, which can be used to 
reduce the excess, but ch^^ ® v^h = chJ ®h = —ch (8) will cause a c/i^-term in Aq, 
and hence a ch®h^ in (6.8). Thus the coefficient of h^h!^ in (6.8) is k-\-D-\-c e Z/3, 
where D is something which we could compute if we really needed to. Note also 
that for our purposes (6.8) hes in Z/3 generated by h®h!^. The coefficient c has a 
value; we just don't know how to find it. Therefore, there is one value of k in Z/3 
for which (6.8) is 0. (The dihgent reader can check that such considerations cannot 
affect earlier parts of the argument.) Thus the differential into eI""^^ (IQ) is if and 
only if k, defined by j — VJ — 2{3k + 2)3^^, has this value mod 3. Letting 6 — 3k + 2 
mod 9, this establishes the theorem. ■ 



7. Periodic homotopy of E7 

In this section we use the results for E2'^-'{Yj) already achieved to deduce that 
v^{E-j) is as claimed in Theorem 1.1. The first result almost finalizes v^{Y-j), given 
the results for £'|'^-' (l7) determined in the previous two sections. 

Theorem 7.1. The Vi-periodic UNSS of converges to v^{Yj). If j is odd, then 
V2j+i{Y7) — 0; ^2^(17) ~ V2j{S'^), i'2j_2(^7) ~ -E'2'^'' (I7) ; and there is an exact sequence 

^ V2j-l{S') ^ ^;2,-l(>7) ^ ^2''-''(^7) ^ 0. 

Proof. The main thing that we have to worry about in proving convergence of the Vi- 
periodic UNSS is to rule out the possibility of a ui-periodic homotopy class which is 
not seen in vi-periodic E2. This could come about by having a sequence of homotopy 
classes related by a filtration-increasing vi-multiplication. Such a class could also be 
the target of a "differential" from an element of Vi-periodic E2. The way that we will 
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show that these things cannot happen for Yy is to note that Yj is built by fibrations 
from spaces where we have aheady estabhshed convergence. 

In (5.7), it was noted how the ^i-periodic UNSS of Yj sphts into the part from S'^ 
and the part from even-dimensional classes. As all of this is confined to filtrations 1 
and 2, we obtain the following schematic picture for £"2'* (It), which must necessarily 
equal E^a- 



s = 2 
s = 1 
t-s^ 



ev 



2j-2 



ev 



2j 



2j + l 



j odd 



2j-l 

Here a box labeled 5"^ means the corresponding group E^*{S'^), while a box labeled 
"ev" (for "even") means the corresponding group £'2'*(10, 14, 18, 22, 26, 34), as com- 
puted in Section 5. This E2 calculation is consistent with the fibrations (5.5) and 
S'^ ^ nS'^^ of Proposition 5.1. 

For X = VLS'^^, QS(11, 15), or VLEj/Fi, the Vi-periodic UNSS collapses to isomor- 
phisms, if j is odd, 

'0 ife = Oorl 

El''^^{X) ife = -2 
El^'^iX) if6 = -l. 

This is true for VtS'^^ by [9, 6.1], for fiS(ll, 15) by the fibration VtS^'^ QS(11, 15) ^ 
Q,S^^, and for Q,E'j/Fi by Theorem 4.6. (Although 4.6 dealt with convergence for 
Et/F4, the methods of Section 5 show that the calculation for E2{0:E-j/F^) is just 
that for E2{Ej/F4) shifted back by 1 dimension, and of course the same is true of 
Vi-periodic homotopy groups.) 

Let j be odd. We can use a Five Lemma argument once we estabhsh that, for e = 1 
or 2, there are morphisms V2j-e{—) £'2'^^(— ) for these spaces. To see that such 
morphisms exist, we note that since compact Lie groups and spheres have if-space 
exponents ([27]), the spaces with which we deal here all have if-space exponents. 
By [21], this implies that each t'l-periodic homotopy group is a direct summand of 
some actual homotopy group, and then we can take the morphism from homotopy to 
homotopy mod filtration greater than e, which is (unlocalized) E^^, then to (unlocal- 
ized) E2 as the kernel of the differentials, and then to t'l-periodic E'^. This argument 
is similar to that used in [19] . 
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Thus, letting X — Et/F4 and B — B{11, 15), there is a commutative diagram of 
exact sequences 

i;2,-l(fiX) > V2j-2{nS^^ X QB) > V2J-2iY7) > V2j-2inX) > 

El'^^iflX) > El^^^inS''^ X nB) > E^^^^{Yr) > E^'^^{nX) > 

which imphes that V2j-2{Y7) — E2'^^iy-j) is an isomorphism. 

Similarly, there is a commutative diagram with exact rows and the first column 
exact 



> V2j-l{pW X nB) > V2j-l{Yj) > V2j-l{ytX) > V2j-2{nW X VLB) 

> E^/'{nS^^ X VLB) > eI'''\Y-j) > El'^'{nX) > E^^^'{flS^^ x QB) 



which implies that the second column fits into a short exact sequence. 

The portion of the theorem about V2j+i{Yi) and V2j{Y'i') is immediate from the exact 
sequence in v^{—) associated to the fibration (5.5). ■ 

We restate the following result from [13, 1.3(1)]. 

Lemma 7.2. The projection map B{3, 7) S'^ induces an isomorphism in V2j-i{—) 
unless j is odd and j = 21 mod 27, in which case it is a surjection 2/3"^ Z/3^. 
The isomorphic groups are if j is even, while if j is odd, they are cyclic of order 

2min(3,l+!^0'-3)) 

The next result, combined with the above results and Theorems 5.19, 5.24, 5.30, 
5.33, and 6.1 gives v*{E-j) for most values of *. 
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Theorem 7.3. (a.) If j is odd, j ^ 2 mod 9, and j ^ 21 mod 27, then the exact 
sequence of the fihration ^ B{3,7) ^ E'^ breaks up into isomorphisms 

V2j{Y7)^V2j{B{3,7)) and V2j-i{Er)^V2j-2{Y7) 

and a short exact sequence 

^ V2j{Er) ^ V2,-i{Yj)^V2,-i{B{3, 7)) ^ 0. 

If EI''^\Yy) ^ © with 1 < ei <2, zs as given m Theorems 5.19, 5.24, 

5.30, 5.33, and 6.1, and V2j-iS'^ ~ t'2j-i(-B(3, 7)) ~ Z/3'^2 ^s as m 7.2, then 

(7.4) ^^2,-i(l7) ~ Z/3^i+^^ e Z/3"^, 

anc? sends the first summand onto Z/S^^. 
{h.) If j is even, then V2jE'j — V2j-iE'j — 0. 

Note that even if (j) sent the second summand nontrivially, its kernel would still be 
Z/3^i©Z/3'", since m > 61 + 62. Thus if j is as in Theorem 7.3(a.), there are abstract 
isomorphisms V2j{E-j) ^ E^^'"^^ iyi) and V2j-i{Ej) ^ E2''^-'{Yi), with i?2'^"'(^7) given 
in Theorems 5.19, 5.24, 5.30, 5.33, and 6.1. This implies Theorem 1.1 in these cases. 

Proof. There is a commutative diagram of fibrations 

nW ^5(3,7)^ K 



(7.5) i 



Yr ^B{3,7)^ E, 

where the last map is the composite K ^ F4 ^ Ej. Since by [10, 2.10(i)] the 
composite S'^ — > — > B{3, 7) — > S'^ has degree 3, we deduce the same of the 
composite S"^ — > I7 — > -6(3, 7) — > S'^ . We already know that V2jS'^ — > V2jY'j is an 
isomorphism, and V2jB{3, 7) V2jS'^ is multiplication by 3 on isomorphic groups. It 
follows that V2jY-j — > V2jB{3, 7) is an isomorphism. 
There is a commutative diagram of fibrations 

(7.6) i i 

^Yj 
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The cychc extension in V2j-i{VLW) was estabhshed in [10, pp. 294-5]. This imphes the 
nontrivial extension in f 2^-1^7 claimed in the theorem from the Z/S^^ on the 22-class 
in E]^"'^-' to V2j-i{S'^) in the exact sequence of Lemma 7.1. 

There cannot be an extension in V2j-\Y'j from the Z/3"^-summand of E2''^W'j be- 
cause of the splitting F4 = K x 5(11,15). The element of order 3 in the large 
summand of V2j-iY'j comes from 5(11,15), while the S"^ lies in K. This is made 
explicit in the commutative diagram of fibrations 

nB{ll,lb) xVLW ^5(3,7)^ F4 
(7.7) i i i 

Y, ^5(3,7)^ E, 

That sends the first summand of (7.4) onto V2i-i-B(3, 7) follows from the diagram 
(7.7) and the surjectivity of V2j-i{^W) V2j-iB(3, 7) established in [10, pp. 297-8]. 



One of the cases omitted in the previous theorem is covered in the following result, 
the proof of which is very similar. 

Theorem 7.8. If j is odd and j = 21 mod 27, then the exact sequence {with B ~ 
5(3,7)) 

V2jYj-^V2jB V2jE-j V2j-lYj-^V2j-lB V2j-lEj V2j-2Y7 

has 01 an injection Z/3^ ^ 2/3^, and 02 « surjection from the first summand in 
Z/3^ e Z/3"^ ^ Z/3I Moreover, 

V2jEr pa coker 0i © ker 02 ~ Z/3 © Z/3'". 

Proof. Similarly to the previous proof, the morphism 0i follows from [13, 2.5] and [10, 
2.10(i)], the structure of V2j-iY7 follows from (7.6), and the morphism 02 follows from 
(7.7). The Z/3"^ in V2j-iYY cannot extend cyclically with coker 0i in V2jE7 because 
the element of order 3 in Z/3"* lies in i>2j_iil5(ll, 15), while coker 0i lies in V2jK, 
and these cannot be related by a •3-extension due to the splitting F4 = irx5(ll,15). 
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We begin working toward determination of V2j-eE-j when j = 2 mod 9 with the 
following proposition. 

Proposition 7.9. Ifj is odd andj = 2 mod 9, then the exact sequence of the fibration 
Yy B{3, 7) ^ Er yields 

• V2jYY — > V2jB{3, 7) is an isomorphism o/Z/3's; 

• V2j-iEi V2j-2Y-r is an isomorphism; 

• V2jEj ^ \iex{v2j-iYj^V2j-iB{'i, 7) ^ Z/3). 

Proof. Surjectivity of V2j-iY'j — > V2j_i-B(3, 7) follows from (7.7), while V2jY'j — > V2jB{S, 7) 
is bijective as in the proof of 7.3. ■ 

By 7.9, 7.1, and 5.35, V2j-iEj is seen to be as claimed in Theorem 1.1 when j = 2. 
It remains to determine V2j-iY-^ and 0, from which V2jE^ follows. 

Theorem 7.10. Let j be odd, and v = v{j — 11). If 2 < v <9, then 

v2j-iYj ^ z/r+^ © Z/3^ 

and (f) sends Z/3^ nontrivially. Thus ker ^ Z/3''+^ © Z/3^ regardless ofcf) Z/3''+^. 

Proof. Similarly to the proof of Theorem 7.3, the extension in 

Z/3 ^ V2j-iS^ V2j-iY7 E2'^^Y7 ^ Z/3^+2 ® Z/3^ 

is nontrivial from the first summand. Prom [10, 2.12], V2j-i{^W) — > V2j-iB(3, 7) is a 
surjection Z/3''+^ — > Z/3, and from (7.5) it factors as 

V2j-i{nW) ^ V2j-iYr^V2,-,B{3,7). 

From (7.6), V2j-i{nW) V2j-iYj is an injection Z/3^+2 _^ z/3''+^' © Z/3^, since the 
element of order 3 in V2j-i{VtW), which comes from V2j-i{S'^), maps nontrivially. The 
result now follows from elementary algebra. ■ 

The same ingredients imply the following result. 

Theorem 7.11. // j is odd and v{j - 11) > 10, but j ^ 11 + 2 • 3^° mod 2 • 3^^ then 

V2,-iY^ ^ Z/3^2 ^ 2/3^ 
and 4> is surjective in Proposition 7.9. 
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We cannot deduce from this which summand(s) of V'zj^xY'j maps nontrivially under 
0, and so we cannot tell whether ker0 is Z/3^^ ® Z/3^ or Z/3^^ ® Z/3^. We suspect 
that Z/3^ maps across, which would imply the first splitting. 

Finally we have the following result in the exceptional case. In order to keep the 
statement of Theorem 1.1 readable, we did not distinguish there between this case, in 
which we know the precise structure of V2j-iE-j, and the case of Theorem 7.11, where 
we do not. 

Theorem 7.12. // j = 11 + 2 • 3^° mod 2 • 3^^ then 

V2jEy K Z/3^2 ® Z/3^ 

Proof. As in the proof of 7.10, V2j-iY^ ^ Z/3^2 ® Z/3^. It was shown in [10, 2.12] 
that V2j-i{nW) V2j-iB{3, 7) is if j = 11 + 2 • 3^° mod 2 • 3^^ 

Let G denote the fiber of X — > £'7. There is a commutative diagram of fibrations 



nw - 


^ QW 




i 


i 




Yr - 






i 


i 


i 


G 


^ K ^ 


E7. 



It follows from the Serre spectral sequence of the fibration QW Y-j ^ G that 

BP^{G) ft! BP^[xiQ,Xu,Xis,X2Q,X^i\, 

and so charts for v^G are hke charts for E2'^^(Y'j) without the part on the 22-class. 
The chart for V2j-iG and V2j-2G whenever j = 2 mod 9 is like Diagram 5.36 without 
the u + 1. In particular, V2j-iG is cyclic with generator on the 26-class. The proof 
of Theorem 5.35 in the case u > 10, where it says that the class on £'2'^-' (26) hits the 
element of order 3 in £'2'^'' (22), imphes that V2j-\G — > V2j-iK sends the generator 
to the element of order 3^. Now it follows from the following commutative diagram 
with exact rows that is surjective on the Z/3^ summand. 

Z/311 Z/312 ^ 2/34 2/35 

V2jW V2j-{Y-j V2j-lG V2j-lW 

V2j-lB V2j-lK V2j-lW 

Z/3 Z/312 2/311 
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